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Some concepts and illustrations in this lecture are adapted from
the textbook,

Signals and Systems, 2nd Edition by Alan Oppenheim, Alan
Willisky and H. Nawab, Prentice Hall.
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Eigenfunctions for Discrete LTI Systems

Eigenfunction : z = re/¥

— h(n) -

z" z"H(z)

o0

ylnl= > hkz"*=2"H(z)

k=—o00

H(z) = Y. h[k]z=¥ is the z—transform of h[n].

k=—0o0

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

z—Transform Lecture Notes



Example
a"uln] P o |z| > |a|
1—az 1’
e 1]y — 2] < |al
1—az7 1’
1
1oy ™ z 3v2° 1
—Y"sin(—=n)uln — — zl > =
(3)"sin(; n)uln] (- 1otz —le D) |zl > 3
X[ = a" 0<n<N-1,a>0 =z 1 zN-aV
10 otherwise ZN-1 7z _ 4
ze = ae?™k /N |k =0,1,2,...,N—1
1 1 1
plrl 2 - b =, 0<b<l
1 bzl 1 plz D <ld<g, 0<b<
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Examples

m If the z—transform X(z) of x[n] is rational, and if x[n] is right
sided, then the ROC is the region in the z—plane outside the
outermost pole.

Furthermore, if x[n] is causal, then the ROC also includes
Z = 00.

m If the z—transform X(z) of x[n] is rational, and if x[n] is left
sided, then the ROC is the region in the z-plane inside the
innermost nonzero pole.

Furthermore, if x[n] is anticausal, then the ROC also includes
z=0.
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Inverse z— Transform

x[n] = 271U j{X(z)z"ldz

Example:
3—232z71 1
X(z) = 6 7 >z
S T Y vy 21> 3
1 2
X(z) = n
@=Ly e

x[n] = (%)u[n] —|—2(%)u[n]
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Example

3—%271

m X(2) = -z Ha-Lz 1y
x[n] = (%) uln] — 2(%) u[—n— 1]

3—%2_1

(1—%2—1)(1—%2—1) ’

x[n] = —(%)nu[—n - 1] - 2(%>nu[—n —1]

1<lzl<}

m X(2)= \z\<%
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Properties of z—Transform

Linearity: axq[n] + bxa[n] N aXi(z) + bXz(z)

m Time Shifting: x[n — ng] & z7™X(z)

m Scaling: z§x[n] «=> X(Z), ROC = |z|R

m x[—n] <=5 X(1), ROC = 1/R

= { A= 2 o
_ Rl/k

m Conjugation: x*[n] AN X*(z*)

m Convolution: xi[n] * xz[n] < X1(z)X2(z), ROC Ri N Ry

m Differentiation in Time: nx[n] PN —zd)g,gz)
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Example

" X(23 = log(1 + aT*:l),1 |z| > |4
—z3X(z) = az~ {rar D
nx[n] = a(—a)"tu[n — 1] = —(—a)"u[n — 1]

x[n] = —(—a)';u["—l]
" X(2) = £t l2l > o
—zX(z) = %ﬁ AN na"uln]
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LTI Systems Characterized by Linear Difference Equations

Il yln—1] = xla] + 3xln — 1

Y(z) - %2_15/(2) — X(2) + %z—1><(z)
Y(z) l+3zt
H(z) = X(z)  1- ;z—l
If ROC = |z| > 1, h[n] = (5)" u[n]+1§( )" tu[n — 1]
If the system is anticausal, h[n] —(3)"u[-n—1] = 3(3)"Lu[—n]
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LTI Systems Characterized by Linear Difference Equations

A second order system:

1 1
(1+iz1)(1—-3z1) 1+3iz1-1z2

H(z) =

and its difference equation:

vl = gyln =11~ gyl — 21 = [
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The Unilateral z—Transform

o0

X(z)=> x[n]z""

n=0

x[n] &% x(2)

m " luln+ 1]

amluln+1] &5

ﬁy ’Z| > a)

|z| > a,

1—az— 1’
3-2,-1 1

_ 2
m X(z) = (17%2—13(17%2_1) S (1-3z7Y) * (1-3271)

x[n] = (%) u[n] + 2(%>nu[n],
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Example

ylnl +3y[n = 1] = x[n], #(2) = 173,
Determine the output y[n] to the input x[n] = au[n]

m V(2) = H(2)X(2) = A )a—z T = (1%‘?1) + (1113?1)

vl =l + ()3 ]uln
Consider the same system with the inital conditions y[—1] =
m V(z) +368+ 3z—1y(z) = 2
V(z) = 1+3Z T+ @S T
y[n] = —=3B(=3)"u[n] + O‘{Z + (%)(_3)@ uln]

Zero — input Solution  Zero — state Solution
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