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Some concepts and illustrations in this lecture are adapted from
the textbooks,

Pattern Recognition and Machine Learning, C. M. Bishop,
Springer, 2006.
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We have a probabilistic model for p(y, ) and our objective is to
find an approximation for the posterior distribution of hidden
variables 0, p(f]y) as well as a distribution for the model evidence
p(y)-

Laplace approximation

A family of approximation techniques called Variational Bayes is a local Gaussian
approximation to a mode (i.e., a maximum) of the distribution.

p(Oly) log p(6]y)
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Yellow: Original, Red: Laplace Approximation, Green: Variational Approximation
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Kullback-Leibler divergence

Dk (q(0)]p(0ly, A)) = — [ q(0) log 2&¥X.dp
p(y, 0|\

L(g, \ :/ 0) log ————=db

(q,2) q(0) log 4(0)

Model Evidence p(y) and Free Energy L

Marginal log-likelihood of p(y) can be written as

log p(y|\) = L(q,A) + Dke(q(0)[[p(0]y, A))

and it is easier to optimize log p(y, f|\) than log p(y|\) which can
be done using Expectation-Maximization (EM) Algorithm.
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1%t Stage Optimization: Expectation

L(g, ) is maximized by fixing A = A and choosing q(6) = p(f]y, A™).
This makes Dk (q(0)||p(0ly, A)) vanish and the lower bound £ equal to
log p(y|0)-

279 Stage Optimization: Maximization

q(0) is fixed and L(g, ) is maximized for A to obtain A™*1.
Since q(#) will be no more equal to p(f]y, \™*1),
Dk (a(0)|lp(8]y, A™+1)) # O.
The new lower bound will be increased and expressed as
L(q.\) = [ p(0ly, \™)log p(6,y|X)d0 — [ p(6ly, A™) log p(0]y, A™)d®
= Q(A\|]A™) + Const
which is to be maximized for A to find AL

E-Step: Compute p(f]y, A\™)

M-Step: Evaluate ™! = arg max Q(A|A™)

A
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The EM algorithm requires us know the p(f|y, \) or to compute

J p(Bly, A™) log p(6, y|\)d6.
In some cases, this is not possible which makes EM algorithm
inapplicable.

Variational Framework

Alternatively, p(f|y, ) can be replaced by an assumed distribution
q such that it maximizes £(q(6), \) keeping X fixed.

The lower bound £ now becomes a functional because g(#) is a
variable now.

This requires to use variational calculus or to determine the change
of the functional £ with respect to the change in g(6).

Mean Field Approximation from Statistical Physics

For Bayesian inference, q(6) over which we make an optimization can be assumed as a
function to be factorized as

M
q(9) = Qm(@)
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Ordinary Calculus

dy(x)
dx

For a function of several variables y(xi,...,xp)

y(x+€) = y(x) + = e+ O(e?)

D
y(x1 +€1,...,xp+ep) =y(x1,...,xp)+ D %6; + O(€?)
i=1
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Variational Calculus

Using first order approximation
oF
Fly(x) + en(x)] = Fly(x)] + 6/ mn(x)dx +0(%)
Around a maximum or a minimum region, F[y(x)] will be very close to

Fly(x) + en(x)] which will imply that 5y n(x)dx = 0.
If we assume that F[y(x)] = / G [y(x),y'(x),x] dx,
F0) + enal = Fly Gl + < [ { 52000+ 52100 f a+ 0(@)

Using integration by parts, [ g—yc,n’(x)dx = g—yc,n(x)h,» —f % (g—yc,) n(x)dx
Since n(x) is chosen to be as zero for the end points B as shown below;
Fly(x) + en(x)] = Fly(x)]

ve [{52 - 2 (52) }rwan+ 0@

which yields Euler-Lagrange equations;
96 _ d (ac) -0
dy dx \ oy’ ] —

for the functional derivative to vanish.

T
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M

KL(plla) = - [ p(2) [Z log 4/(2;)dZ

i=1

~+ const

_/ p(Z)log q;(Z;) + p(Z)Z log qi(Z;) | dZ + const
i7j

—/p(Z)Iog q;(Z;)dZ + const

7/Iogqj(2j) |:/ p(Z)HdZ,-:| dZ; + const

i#j

/Iog q;(Zj)H;(Z;)dZ; + const where H;(Z; / Z)HdZ-

i7j
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Constrained minimization of
—/Iog qj(Z-)H-(Z‘)dZ- + A (/ qj(Zj)de — 1)
using Gla;(Z))] = ~ log 4j(Z))H/(Z)) + Agj(Z))

H;(Z;)

Euler-Lagrange equations ylelds —q = ( ) +A=0.
Since \ = /H(Z )dZ; 7/[p )] [dZi1dz; =
i#J
qi(Z;) = H;i(Z)) :/P(Z)Hdzf

i#j
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E(q,@):/q(@) log P y‘)\)def/Hq, log p(6, y|\) — Zloqu d6
= /Hq; Iogp((%yIA)Hd@j*Z/l—[q; log q;db;
i Jj Jj i

- / 4 [ / Iogp(e,ylA)Hq,»de,} do; — / gjlog ;6 — 3 / g1 log g;d;

i# i#j

= /Qj log B(60;,y|\)db; /qj log g;d0; — Z/q, log g;d0;
i#]
— KL l15) = 3 [ alogaidt,
i#

where we define a new distribution log 5(6;,y|\) (with a constant for normalization)
log 5(60),y|\) = /Iog p(0, y|>\)Hq,-d0,- + const = _E_[Iog p(0,y|\)] + const

ST i#j

i7#J
£L(q,0) will be minimized when KL(q;||5) = 0 or q;(6;) = (6}, y|\).
The general optimal solution with a normalization constant will be

(0 = o B0z p(0.y01)/ [ 0 ( 08 p(0.9101)
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The Univariate Gaussian

Given a set of independent observations 'y = {y1,...,yn} drawn from a Gaussian
distribution, we will determine the posterior for the mean p and the precision 7;
The likelihood function is
T \N/2 T & 2
pylu,7) = (35)" “exp (% 2 —w)? .
n—=
The conjugate prior distributions for px and 7 are
p(u|T) = N(uluo, (ho7)™1)
p(t) = Gam(t|ag, bo) = Tao_le_boTbgo/r(ao)
Factorized variational approximation for the posterior distribution is
q(k, 7) = qu(p)a-(7)
Applying the variational approach,
log q;; (1) = Er [log p(y|u, 7) + log p(uu| )] + const

B, [r] 5, & 2
= — B4l S %o — ) + 3= (0 = )? { + const

Assuming that g, (u) = ./\/’(,u|,uN,)\N1), we can obtain

N
B[] N Aopo+ 21 Yn
plpnAn) = p(=5—)(2Xopo + 2 ngl Yn) —UN = TN
K2 (—52n) = k2= E5T) (o + ) — M= B[00 + )
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|
Similarly, for g-(7), we have

log g7 (1) = Ey [log p(y|u, 7) + log p(|7)] + log p(7) + const
= (a0 — 1) log(7) — bo7 + 5 log(7)

N
—5Epu [Z (Yn = 1)* + Xo(p — uo)2] + const
n=1
Assuming that g-(7) will be a gamma distribution with Gam(t|ap, by), we can obtain
(ay — 1) log(7) = (a0 — 1 + g) log(7)

(=bn)T = —(bo + 3Equ {%l(yn — )%+ Xo(p — uo)z} )T
or

N
aN:30+% bN:bO"F%EM [Z(yn—u)2+>\o(u—uo)2
n=1

Posterior distribution p(0]y, A) = p(u, T|y) approximated by q(u, 7) after iterations.

2 2
(a) (b) (©

91 0 L4 () 0 # 1 -1 0 [ 1
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y=1(©)+e
where y = [y1,...,yn]7 are the noisy observations, © is the vector of known/hidden
variables and ¢ is the i.i.d. additive noise vector with p(e) = N(€|0, 3711).

If we model the observations as a linear combination of M basis functions ¢m(x), then

y=%®w+e¢€
where © = {x,w}, x = [xi, ..., xp] are known variables, w = [w1, ..., wpy]" are
hidden variables and
$1(x1) - dm(x1)
o= SR :
P1(xn) - dmlxn)

our likelihood function becomes p(y|w, 3) = N (y|®w, 371).
A nonstationary Gaussian prior distribution with a distinct inverse variance an, for
each weight wy, is

M
p(w|a) = HN(W,,,\O, amt).
m=1

In order to constrain the precision parameters am,, we model them as random variables
with conjugate distributions of Gamma prior

M
p(ala, b) = [] Gamma(am|a, b)
m=1
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Prior distribution of noise precision is also modeled as
p(Blc,d) = Gamma(B|c, )

Graphical model for linear regression problem.

y
| N e
w
M
Bayesian inference requires to determine the posterior distribution

p(w, o, Bly) = p(ylw, 8)p(w, a)p(a)p(B)/p(y)

whose normalization constant p(y) cannot be computed analytically.
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Variational Approximation

In this problem, 6 = {w, o, 8} and A = {a, b, ¢, d}

Factorized variational approximation for the posterior distribution p(f|y, A) is
p(w,a,ﬁly, a, b, c,d) ~ q(w, o, B) = q(w)q(a)q(B)

log g* (W) = Eq(a)q(s) [log p(y, W, a, B)] + const
= Eq(aya(s) log p(ylw, ) + log p(wla)] + const
= Eq(a)q(8) |:—§(y — ow) T (y — dw) — z amw? | + const
1 T T ToT 1 &4 2
= —5Eq3) (8] [yTy —2y"ow+w’oTow] — 5 2. Eg(a) lom] wi, + const

1

=—1wT [Eq(ﬂ)[ﬁ]d)-rcb + Eq(a)diaglaa, . . ., am]] w4+w’ [Eq(ﬁ)[ﬁ]d)T] y + const

y-1 s—1u

Therefore, g(w) = N (w|u, X).
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Self-Study Question

Show that the posterior distribution for a: can be given as

M "
q(a) = [ Gamma(am|a, bm)
m=1
where

d=a+1/2
bm = b+ %Eq(w)[wr%]

and the posterior distribution for 3 as

q(B) = Gamma(B|&, dm)
where

¢ c+ N/2
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Numerical Example for VB Linear regression

N=50; %no of samples and no of basis functions

sigma_2 = 4e-2; noise variance

a=0 0; % hyperparameters for alpha

SNR = 6.6; % SNR in decibels

sigma_phi_2 = 1; % variance for gaussian kernel

x= linspace(-10,10,N)’;

yO = zeros(size(x));

yO(£find ((x>-1)&(x<1)))=1;

yO(£ind ((x>-8)&(x<-7))) = -0.2*x(£find ((x>-8)&(x<-7))) ;
n = randn(size(y0));

n=(n-mean(n))/std(n) *sqrt(sigma_2);

y=yO+n; % noisy observations

plot(x,y0,x,y);

10*1og10(std(y0) . 2/std(n).~2) % SNR empirical
Phi=exp(-0.5/sigma_phi_2# (repmat(x,1,N)-repmat(x’,N,1) )."2);
% Initialize hyperparameters

= randn(N,1)*1e-3;

= randn(N,1)*1e-3;

randn(1,1)*1le-3;

= randn(1,1)*1e-3;

B

a0 oe
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% VB iterations

for i = 1:200,

% estimation of hyperparameters for w
Sigma_ = pinv(c/d*Phi’*Phi + diag(a./b));
mu= Sigma_ * (c/d *Phi’)x*y;

% estimation of hyperparameters for alpha
a=a+ 0.5;

b = b + 0.5%(diag(mu*mu’ + Sigma_));

% estimation of hyperparameters for beta

c=c + N/2;

d = d+0.5%(y’*y-2xy’*Phi*mu+trace(Phi’*Phi *Sigma_)+mu’*Phi’*Phi*mu) ;

end

plot(x,y0,x, Phi*mu,’--rs’ , x,y,’-.bs’,x,y);grid
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|
When the approximate posterior distributions g(w), g(a) and g(53)
are iteratively updated until convergence, the posterior

p(w, a, By, a, b, ¢, d) can be approximately determined by

q(w, a, B).

The true prior distribution for the weights can also be found by

p(w|a, b):/p(w,a|a, b)da:/p(w|a)p(a]a, b)da

Self-Study Question
Show that true prior distribution for the weights is a Student-t distribution

M M
p(w|a, b) = / HN(Wm|0, apt)Gamma(am|a, b)doy, = H Student(wm|p, A, v)
m=1 m=1
where

pw=0,A=a/band v=2a
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Gaussian Mixture Models (GMM)

GMM is based on a number of observations that are assumed to
be generated by K Gaussians whose means, covariances and the
probability (weight) that a point comes from each of the Gaussians
are to be determined.

For the sake of convenience, the Gaussian functions are given with
their means and precisions as

eXP(*%(Y*#k)TAk(Y*Nk))

kth Gaussian function : ¢y (y|wmk, Ak) = PRI Ve
k

K

Prior probability of mixture components : > mx =1 and 74 > 0.
k=1

Given N i.id. samples yi,...y, € RP from a GMM with K

components, we estimate its parameter set A = {(mk, fik, A ) }i_; .
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It is assumed that the data y are sampled using the following
procedure;

i) Randomly sample one component k
using the probability vector © = [m1,...,7k].

i) Generate an observation by sampling
from the density ¢, (y) of component k.

For each observation y,, we have a hidden variable z, which is a

K —dimensional binary vector whose elements but one is 0.

For a set of observations Y = {y1,...,yn} and Z = {z3,...,zn},

the conditional distribution ofﬁ isK
p(Z|m) = [ [I m™*
n=1 k=1
and the likelihood of Y is

N K
— =ilyz
p(Y[Z,p1, N) = TT TT N(ynlps, A7)
n=1 k=1
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Variational Bayes for GMM Training

|
x

The conjugate priors we use for A = {(7, ftk, Ak) oy are
Dirichlet and Gauss-Wishart i.e.

K
F< Z am K
p(m) = Dir(w|aa, ..., ak) = [T =}
H Mak) k=1

usually it is assumed that ak = ao for all k.
W(p, ) = kl_Il Pk, M) = kHIP(Mk!/\k)p(/\k)
where - B

Pkl Ak) = N (pclmo, (BoAi) 1)

and p(Ax) is the Wishart distribution

—1
‘Akl(ufol)‘e—%Trace(Wo Ak))

P(Ak) = Wo(Ak|Wo, v0) = -
vp/2 | ovoD/2, D(D—1)/4 votl—i
|Wo |0/ <20 /27D(D-1)/ .Hr( . ))

i=1
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|
The hyperparameter set in full Bayesian GMM is {a, mg, 8o, v9, Wo }.

The set of hidden variables and parameters is @ = {Z, A}.

Using mean-field approximation, p(©) = q(Z)q(7)q(u, )

and performing the calculations, we can obtain
N K

q(Z2) = I1 II r
n:_l k=1
q(w) = Dir(w|ay, . . ., ak)

4, ) = kﬁl a0l a (M)
auelhe) = ﬁ Naelmi, Bee)

q(\e) = H W(Ak| Wi, vi)

Iteration equatlons for { ok, Mg, B, vk, W} are determined by
computing the conditional expectations of log posterior distribution of
P(Y, Za )‘|a7 mo, 607 L, WO)
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Joint Distribution of Random Variables

p(Y,Z, 7, p, N) = p(Y|Z, 1, N)p(Z|m)p(m) p(1e|\)p(N)

Variational Distribution of Random Variables

9(Z,m, 1, N) = q(Z)a(m)a()q(N)
Optimization of log g*(Z) = Ex . [log p(Y, Z, 7, 1, )] yields
log ¢*(Z) = uA[logp(Y\ s 1t N)] + Ex [log p(Z|7)] + const

log *(Z) = Z Z 2" log ppk + const
n=1 k=

where
log prk = Ex [log p(mk)] + 3En, [log |Ax]] — 2 log(2)
—3Euon [0 = 1) TA(yn — puic)]
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—_— o
q*(Z) o H H Pk

In order to obtain a normallzed dlstrlbutlon for go, we know that

9(Z) = q(z1) - - - q(zn) for any n, q(z,) = H Py and Z Ze =1

j=1
As a simple example, when we sum q(z,) over all possibilities of z. like
for mstance for K =3, 0, can be {[1 00],[010],[001]} and

Z Hpn = Pnl + Pn2 + Pn3 = Epnj

Znk
Tk
1

=

The normalized form of q(z,) can be expressed as ¢*(z,) =
k

where rox = pnk/ f: Pnj-
The normalized o/\\//ja” distributio}r} is

q*(Z) = H H ree with 37 rpe =1 and rp > 0 as required from
mixture probabllltles. !
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log g*(m, i, A) = Ez [IOg p(Y,Z, 7, p, /\)} + const

= Ez[log p(Y|Z, 4, \)| + Bz [ log p(Z|m)]
+Ez [Iog p(ﬂ')] + Ez [Iog (e, /\)] + const

K
= log p(7) + E log p(t2x, Ax) + Ez [log p(Z| )]
= kzl 2 Ez[zu] log N (ynluk, A1) + const

which can be partitioned into g* (7, u, A) =

K
() TT q(pe; )
k=1
K K N
where log g*(7) = (o — 1) > log 7k + Z Z Ez[zp«] log 7k + const
k=1 k=1n=1

or g*(m) = Dir(m|a) with a = oo + Z Ez[zn] = ao + Z Ink-

n=1 n=1

Self-Study Question

Using ¢*(Z) = H H reik, show that Ez[zn] = rok.

n=1k=1
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I
q* (i, M) = Gl A)g(Ai) = N (el mii, (BiAe) ™ )W (AW, v

Self-Study Question

Show that ¢*(uk, Ax) can be expressed as a Gauss-Wishart distribution
q* (ks Aie) = N (pkmi, (BiA) )WV (A | W, )

where

Brk = Bo + Nk

mi = 5-(Bomo + NiJx)

Wit = Wt + NiSy + 2% (5 — mo)(Fx — mo) 7

vk = 1o + Ni
with

N _ LN q X _ _N\T

N, = Zl Fnks Yk = 3¢ 21 rnkYn and Sy = e Zl ok (Yo — ¥)(¥n — ¥&)
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|
Since we have determined the g*(7), g*(u, A) and g*(A),
we can evaluate the expectations in log*(Z)

log pok = Ex [log p(7k)] + 3En, [log [Ak]] — 2 log(27)
—3Euon [(Yn — 1) T Ak(yn — )]

|
Show that
Epone [(9n = 10) TA(Yn — 1)) = DBt + vik(Yn — mi) "Wy, — my)

- D .
log Ax = En, [log|A|] = ;w (4H=1) + Dlog(2) + log(|Wk|)
log 7 = Ex, [log m] = 9(c) — (&)

where & = 3", ay and
Y(a) = % log I'(«) is the Digamma function.
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Example for GMM Model
N = 600 data points are generated using a GMM Model with K = 2, with

T e ion

Generation of Simulated Data

N=300; % no of data points
K=2; % no of clusters

D=2; % dimension of data vectors

Pi = [0.3 0.7]; % mixture probabilities
pl=cumsum(Pi);

for i=1:N,
P(i) =sum( (rand()>=p1))+1;
end;

Mu_0 = [0 3 3 -3 -3 ;0 -3 3 3 -3]; % mean vectors of clusters
% covariance matrices of clusters
Lambda{1} = inv([1 0 ;0 1]);

Lambda{2} = inv([1 0.5 ;0.5 1 1);

% compute the coloring matrix

for i=1:K,

L{i} = inv(chol(Lambda{il}));

end;

% sample the gaussian deviates

for i=1:N,

Y(:,i) = L{P(i)}*randn(D,1)+ Mu_0(:,P(i));
end;

plot(Y(1,:),Y(2,:),’%%);

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering
Variational Bayes Algorithm



VB Algorithm for GMM with K = 2 clusters

% VB EM for GMM

% Set hyperparameters for priors

alpha_0 = ones(1,1)/K; % Dirichlet for p(pi)
W_0 = eye(D,D)*100;

W_0_inv = inv(W_0);

nu_0 =10+D; % Wishart for p(mu,Lambda)

beta_0 = 1;

m0 = zeros(D,1); % Gaussian for p(mu | Lambda)
% Initialize hidden variables and parameters

m = randn(D,K);

beta =beta_0*ones(1,K);

nu = nu_O*ones(1,K);

alpha = alpha_O*ones(1,K);

alpha_hat = sum(alpha);

E_pi= (psi(alpha)- psi(alpha_hat));

for k=1:K,

W{k} = W_0;

ps = sum(psi((nu(k)+1-[1:21)/2));

E_L(k) = ps+ Dxlog(2) + log(det(W{k}));

end;

% iterate over {r,m,Lambda, beta,nu,W}

for iter = 1:500,

#E-STEP

for k=1:K,for n=1:N,
log_rho(n,k)=E_pi(k)+0.5+E_L(k)-0.5*D/beta(k) -0.5*nu(k)*(Y(:,n)-m(:,k))’**(W{k})*(Y(:,n)-m(:,k));end;
end;

for n=1:N,Z(n) = logsumexp(log_rho(n,:),2); end;
for k=1:K,r(:,k) = exp( log_rho(:,k) - Z’); end;
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%M_STEP

N_k = sum(r)+1e-10;

Y_bar = Y*r./(ones(2,1)*N_Kk);

for k=1:K,s = Y-Y_bar(:,k)*ones(1,N);

sl = 0;

for n=1:N, s1 = si1 + r(n,k)*s(:,n)*s(:,n)’ ; end;
S{k} = s1/N_k(k);

end;

alpha = alpha_0 + N_k;

alpha_hat = sum(alpha);

beta = beta_0 + N_k;

nu = nu_0 + N_k +1;

Pi_k = (alpha_0 + N_k)./(K*alpha_O+N);

m = (beta_0*m0 + (ones(D,1)*N_k).*Y_bar)./(ones(D,1)*beta);
for k=1:K,

W_inv{k} = W_O_inv+ N_k(k)*S{k} + ((beta_O*N_k(k))/(beta 0 +...
N_k(k)))*(Y_bar(:,k)-mO*ones(1,K))*(Y_bar(:,k)-mO*ones(1,K))’;
W{k} = inv(W_inv{k});

end;
E_pi= psi(alpha)- psi(alpha_hat);
for k=1:K,

ps = sum(psi((nu(k)+1-[1:21)/2));
E_L(k) = ps+ Dxlog(2) + log(det(W{k}));

end;
end; % iter
for k=1:K

MUC:,k) =;(:,k); LA{k} =inv(nu(k)*W{k});
PI(k) = Pi_k(k);
end;
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Variational Lower Bound for Model Evaluation

Remember that the lower bound is

ﬁZfo/q(z,w,A)log{w
z

q(Z, m, u, N)
= ]EZ,T\',H,A[IOg P(Y, Zvﬂ-y,uv/\)] _]EZ,Tr,u,/\[Ic’g q(Z,W,u,A)]

Ez,u,/\[log p(Y|Z, p, /\)] +Ez,x [IOg p(ZIW)] +Er [log p(ﬂ)]
[

}d7r dup dA

log 7t

+EM,A[Iog p(ks /\)} —Ez[log q(Z)] —Er [log q(ﬂ)] - lEu,A[log q(u,/\)]
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I
We can evaluate terms as

Ez,un [ 10g P(YIZ, 1, )] = Ez,pun | S0y S0 log N (yiljak, Aw)re]
= Z,,Nzl Zszl Ez . [zok[log |Ak|*/? + log(2m)~P/2 — %(Yn — 1) T Ak (yn — pi)]]

o1 Sker Ezlzu] | 3En, [log [Axl] + log(2m) =272 — S E,, A, [(yn — 1k) T Aklyn — ps)]
~—— ———

1 2 3
|
We use the following relations

Ez[zm] = rok

Ep, [log |Ax|] = log Ak

Ejone [(Yn - Nk)TAk(yn - Nk)] = Dﬁ;l + vk(yn — mk)TWk(Yn — my)
Sy ok = N,

Yk = N% Z,’Y:1 nkYn

Sk = gi; Snet ok (Yn — F)

SN rkynyl = SN ok (Ye — Fk)(Yn — k) T+ NeSky]
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Using identity 3

victr[Wy ZnN:I Tk (Yn — M) (yn —my) 7] =

vy tr[Wie Z,’Yzl rok (Yoy! —yom] — mey! + mm])]
Replacing the first term with identity 7, and using identities 6, 5 and 4

we obtain

N

Z rok(Yn — Vi) (¥n — Fk) T + NeFe§! + Z,quz1 ok | = yom] —myy! + mgm/
n=1 ~S—~—

NiFem]
Ny Sk

Vit (Wi S0 3 rok (Yo — M) (Y0 — mi) ] = vitr[Wie(NkSk + Nic(Fie — mie)) 51k — mi) ]

K
1 ~ _
Ez,u.n {log p(Y|Z, p, /\)} =5 > Nk{ log Ax — DBt — v tr(SkWi)

— Vk(yk — mk)TWk(yk — mk) — D |og(27r)}
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Remembering the priors:

r(i am>
p(r) = Dir(n|as,. .., ax) = —e——= H 7% and ay = aq for all k.
[T Mag) k=1
k=1
K
Er [Iog p(ﬂ')] = log C(ap) + (a0 — 1) Z log 7k
k=1

N K
Ez ~ [Iog p(Z|7r)] = ZZr « log T
=1

n=1 k:

log p(Z|7) = Zzznk log 7k

n=1 k=1
K K
Wk, A) = kl_llp(uk, ) = kl_ll P(rklAk)p(Ak)
where B -
P(kklAk) = N (pilmo, (BoAk) 1)
and p(Ax) is the Wishart distribution
v—D—1 —lTrace(W_ll\ )
p(Ak) = Wo(Ac|Wo, o) = [Ag Je” 2 )

D .
|Wo|*0/2 <2V0D/27TD(D—1)/4 .I:Il r(%“’))

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering
Variational Bayes Algorithm



N K
q(z) =TI II rr

q(7r) = Z)_I;EET_’E”’ v ,aK)
q(u,\) = kljl (k| A)a(Ak)

K
q(pk|Ak) = kl:IlN(MHmk,ﬁk/\k)

q(Ak) = kﬁlw(/\k!wk, Vk)
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Eun [ log p(p, /\)} =EyuA [ log p(pk|Ak) + log P(Ak)]

=Eun [|Og(ﬁ)D/2 + log |BoAk|Y? — 3 (1uk — mo) T BoAw (b — mo) T +
log B(Wo, v0) + 2=2=1 log || — %tr[Wal/\k]]

= 2 log 52 + log B(Wo, 1) + 3En, [log [Akl] = 380, A, [(1k — m0) T Ak(ps — mo)] +
“=D=1Rg, [log|Akl] — 3tr[Wy 'En, [Adl]

|
The third term in the above expression is evaluated as
By A [k — mo) T Ar (i — mo)] =

/E/\k[tr[/\k(ﬂk — mo) ek — mo) TN (k| mi, (BrAk) L) d
By [kl = my, By [pp]] = mem] + (BiA)
En, [tr[AeBy At + Ak(my — mo)(my —mo)T]] =
D/Bk + tr[ vkWi (my —mo)(my —mo) 7]
——
Eq(a) Akl

The last term is f%tr[W(;IIE/\k [AL]]l = f%tr[ukW(;ka]
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[
K K
p(p, A) = W(n, ) = kHI P, A) = kHIP(MkV\k)P(/\k)
where N -
Pkl Ak) = N (plmo, (BoAk) 1)
and p(Ax) is the Wishart distribution
A [(Mo—D—1) o= § TraceWg "Ay)y

P(Ak) = Wo(Ak|Wo, v0) = 5 -
|Wo|¥0/2 <2uoo/2wo(of1)/4 Dlr(vwzl—'))

Epn [ log p(u, /\)}

=3 Zk i {D log(Bo/2m) + log A, — 220 — Bovk(myx — mp) "Wy (my — mo)} +
K log B(Wo, 1) +X=P=1 57K | log /\k — 1K it (Wo W)
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Remembering that

q(uklAe) = H N (pk|mg, BiAx) and q(Ay) = H W(Ak|Wi, k)

Eq(ue,ne) [(#k = m) T BN (ke — mi)] = Eg(upng) Trl(e — mu) (i — mk)T(ﬂk/\k)]
= Eq(un) [ Tr(pis] — 2mem] + mem 1) (BiA)] = Egia,) TrlCov (i) (BeAk)] =

Eq(ur no) 1081 Bk Ak D] = Equuy ap) 108(IBkAK)] = Eq(yuy a0 [D log Bk + log [A]

IEM,A[Iog q(ps /\)} = Zszl{ log Ay + 2 Iog( ) = % —Hlq (Ak)]}

N K
Ez [Iog q(Z)] => > rok log o q(2) = H H T

n=1 k=1 n=1 k=1

K
Er [ log q(ﬂ')] = log C(a) + Z(ak — 1) log 7tk
k=1

where H[q(A)] . C(c) and B(W, v) are defined as
Hia(N)] = [ log(a(A))a(A)dn

. D N\ P
C() = rany ey and B(W,v) = [W|~+/2 <2vD/2TrD<D—1)/4 1r (V+21')>
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Variational Lower Bound £

3500 Ni{ Tog Ri— DB — v tr(SkWi) — vk (T —mi) TWi(Fi— mi) }
(a0 = 1) 4, log e a1 S fow log

+3 S { log Ay — 222 — Bov(my — mo) T Wi(my — mo)}

+w Yy log /\k —3 Yoy vitr(Wo W)

T Xiy o 108 i+ iy (o0 = 1) log

+ Z{ log Ay + glog(ﬂk> - H[q(/\k)]}

K
log pnx = log 7k + 5 Iog Ae— 2 Iog(27r) ok = Pnk/ 2 Pnj
j=1
N
v = 1o + Ny a=ag+ Y rnk Bk = Bo + Nk
n=1

my = ﬁlk (50"‘0 + Ni¥i)
Wit = Wit + NS + 220 (9« — mo) (7 — mo)”
N N
Ny = 21 foky Yk = NT Zlfnkyn and Sy = NT 21 rak(¥n — ¥)(¥n — ¥i) T
n= n= n=
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Self-Study Question
How that the entropy of H[q(\x)]

I
|

Ha] = = [ a0 log a(A)dA

:f(ukafl)log/\kJrDy"JrV" Iog\Wk\Jr”“D log 2+ (D 1) log m— ZF(V“+1 ')

Self-Study Question
Generate N = 600 data points using a GMM model with K = 5, where

s={lo LSS LS
sl T

Using the variational Bayes, estimate the distribution parameters and the lower bound
L by running the algorithm for k = 2,3,...,10 and show that the £ is minimized for
the model with K = 5.
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