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Some concepts and illustrations in this lecture are adapted from
the textbook,
Statistical Digital Signal Processing and Modeling, Monson
Hayes, Wiley.
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m Signal as a sum of damped sinuisoids
P
x[n] = > ayA] cos(nwy)
k=1
m A rational system of polynomials
™ by (k)z—*
0

_ Bq(z) __ k=
H(z) = As(z) — 1+ij (k)"
k=1

v[n] —— H(z) = 2@ | 2[n]
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Least squares method

Determine ap[k] and bg[k] to minimize the squared sum of model
error €'[n] = x[n] — h[n], i.e.

ELs = Zole’["]l2
h[n] and x[n] are assumed to be 0 for n < 0.

Pade approximation

The signal is modeled as an impulse response of an LTI system:

5a(o) 3 by(lgz*
H(z) = A:(Z) = 1+_ [kl — H(2)Apx(z) = B4(2)

Mo

k=1
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In time domain
ble] + 32 ap[Klhln— K = blr]

where h[n] =0 for n < 0, bg[n] =0 for n < 0 and n > q.
Setting h[n] = x[n] for n =0,1,...,p+ q leads to

2 bgln] n=0,1,...,q
k _k: q 9 b b
X[”]+k§13p[ Ix[n ] 0 n=q+1,...,9+p

x[0] 0 o 0 1 [ bgl0] T
x[1] x[0] o 0 " bg[1]
: : : : ap(1] :
x[q] xfg—1 ... x[g—p| 2P~ 1 bl
x[g +1] x[a] . xlg=p+1] : 0
: : : : 2p[p] :
L xlg+p] xlg+p—1] ... x[q] | L 0 |
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|
The first step of the Pade approximation is to solve

1 0
x[q] xlg—1 ...  x[g—p| ay[1] 0
x[q+1] x[q] o xlg—p+1] 32[2] 0
L xlg+p] x[g+p—-1] ... x[q] 2olP] 0
The second step is
I x[q] xlg=1 ... x[g—p+1] ap[1] x[g +1]
x[g + 1] x[q] .. xlg=p+2] ap[2] x[q +2]
L xlg+p—1 x[g+p-2] ... x[q] ap[p] x[q + p]
In matrix notation Xqap = —xg41
If X4 is non-singular — unique solution a, = —X;lxq_H

If X4 is singular — solution exists but it is not unique, a, with fewest nonzero
elements is chosen

If Xgq is singular — no solution exists, a,(0) is set to a,(0) = 0 and X4a, =0
yields a solution
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_______________________________________________________________________________|]
The numerator coefficients bg[k] are determined by
1

x[0] 0 0 aoll] bq[0]
X[l x[0] ... 0 s bq[1]
SORCES I CEY: I bqld]

In matrix notation, Xpap = bg

Example: Let x[n] = [1,4,2,1,3]" be approximated by p = g = 2.

Pade equations

1 0 0 b(0)

4 1 0 1 b(1) a a (1) - o
? 121 ‘11 |: zgg :| = b(02) — [ 1 2 ] [ 2(2) } = [ 3 ] No solution exist.
31 2 0

Setting a[0] = 0,
b(0)
2 4 a( _ a(1) _ 2 _
R CIESIE N
H(z) = 2] =14 87 = o) = 8[n] + 83 uln — 1]

% =[1,4,2,1,0.5]"
If X4 is singular and no solution exists, then it is not always possible to match all the signal values.

N =

NS
INISY
= oo
[E—
—
|
=N o
[
Il
[ —
~ N o
—_—
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Lowpass filter design using Pade approximation

LP Filter response
j e w| < /2 : sin[(n—ng)m /2]
Wy _
)= { 0 otherwise Tl = (n—ng)m
Design 1: p=0, g =10, p+ g + 1 = 11 values of i[n] are matched exactly.
If ng =5 then h[n] will match the maximum amount of energy in i[n].
i[n] = [0.00637,0.,—0.1061, 0.,0.3183,0.5,0.3183, 0., —0.1061, 0., 040637]T.
h[n]:{ i[n] 0<n<11

p Rectangular window
0 otherwise g

Design2: p=5,9g=5,p+qg+1=11
a = [1.0, —2.5256,3.6744, —3.4853,2.1307, —0.7034] "
b = [0.0637, —0.1608, 0.1280, 0.0461,0.0638, 0.0211] "

dashed : Pade Approximation Error function
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% MATLAB Script for plot

w = [0:0.01:pil’;

h = [0.00637, 0.,-0.1061,0., 0.3183,0.5, 0.3183, 0., -0.1061,0.,0.0637 ];
a

b

[1.0 -2.5256 3.6744 -3.4853 2.1307 -0.7034];
[0.0637, -0.1608, 0.1280, 0.0461, 0.0638, 0.0211];
H1 = freqz(h,1,w);
H2= freqz(b,a,w);

subplot(1,2,1)
plot(w/pi/2,20*1log10(abs(H1)),’-’,w/pi/2,20%1logl0(abs(H2)),’~--’) ;grid
t = [0:79]7;
x=zeros(80,1);
x(1) =1;
x1 = filter(b,a,x);
e = 0.5%sinc((t-5)/2);
subplot(1,2,2)
stem(e-x1) ;grid
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Prony’'s Method

m A complex signal x[n] is modeled as an impulse response of a LTI system

H(z) = 25

m |t is assumed that x[n] = 0 for n < 0 and x[n] is known for all n > 0.

m The filter coefficients ap[k] and bg[n] are determined to make the impulse
response h[n] as close as possible to x[n]

e’[n] = h[n] — X["] <—> E'(z) = X(z) — H(z)

E'(z) = X(2) - (2)Ap(2) = X(2)Ap(2) — Bq(2) = E(2)
In time domain,

eln] = ap[n] = x[n] — bqln] = baln] — byl

Since bg[n] =0 for n > gq,

o] - i aplllx[n = ] = bal] n=0,1,...,q

e[n] =
ol + 52 apliln = ] n>q

Instead of setting e[n] =0forn=0,1,...,p+ g+ 1 as in Pade approximation,
Prony’s method minimizes the squared error in the region where by = 0:

o) =) P
Epa= > lelnP= X |><[n]JrI:Zlap[/]X[n—/]I2

n=q+1 n=q+1
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Complex Derivatives

z:a—i—bj,a:%(z—i—z*), b:zij(z—z*)

dz
dz

[~

dz*

djz|?
dz

o]

B

dz*

]

oz

oz*
dal'z

oz*
9z'a
oJz*

[~ o

oz

]

oz*

diz|”> _
dat'z _

9z'a —

9z/az

9z/az

£Z2=1— %z(a,b):

dz -0

=0

=a

= (Az)"
=Az

9z da 9z db _ 1 I
bad: T obde =2 tiz =1
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o e}

dax [K] Oajlk] —

Ofpa _ $5 Oelderl) _ SX o[l _ S5 gfnlt[n— k] = 0, k=0,1,...p
n=q+1 n

Dak[k] —
951K n=q+1 =q+1

o0

> e[n]x*[n — k] = 0 is called orthogonality principle
n=q+1
Substituting e[n] into it

5 dxfn] + 32 ap[f]x[n — Nhxn—K =0
=il

y Rxap = —Ix

n=q+1
P i oo P
> asl] [nzzq“x[n — x*[n — k]] = n:%lx[n]x =Kl 3 apllrlk 1= =rlk, 0]
e[k, 1]

r(1,1]  r[1,2] ... r[1,p] ap[1] r«[1,0]

[2,1] r[2,2] ... r[2,p] ap[2] B rx[2, 0]

o1l nde 2 o ndesl 1L alel rlp. 0]

oo p

Epg=€pqg= 2 le[n]X*[n] = r«(0,0) + kZI ap[K]rx[0, k]
min n=q =
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Augmented normal equations

r<[0,0]  r<[0,1] r«[0,2] r«[0, p] 1 1

r[1,0] r[1,1] r[1,2] r«[1, p] ap[1] 0
n[2,0] 2,1 ~[2,2] r[2,p] S G ,
nip, 0l e 1l 2] rdppl | L aplel 0

Rxap = €p,qu1

Once the ap[k] are found by[k] are determined by

e[n] = ap[n] * x[n] — bg[n] = 0, or bg[n] = x[n] + él aplk]x[n — k], n=0,1,
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Low-pass filter design using Prony's method

J() = e |w| < /2 sin[(n—ng)m /2]
0 otherwise (n—ng)m
The filter will be designed with the orders p = g = 5 and the delay is ny = 5.
a = [1.0,—1.9167,2.3923, —1.9769, 1.0537, —0.2970] "
b = [0.0637, —0.1220, 0.0462, 0.0775,0.1316, 0.0807] "

dashed : Prony Approximation
solid : Pade Approximation Error function
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The error of Prony is about 10-fold less than that of the Pade approximation.
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MATLAB Scipt for Testing LP filter design using Prony’'s method

w = [0:0.01:pi]’;
h = [0.00637,0,-0.1061,0.,0.3183,0.5,0.3183,0,-0.1061,0,0.0637] ;%sinc
a =[1.0, -1.9167, 2.3923, -1.9769, 1.0537, -0.2970]; %Prony

b =[0.0637, -0.1220, 0.0462, 0.0775, 0.1316, 0.0807]; %Prony
a0 = [1.0 -2.5256 3.6744 -3.4853 2.1307 -0.7034]; %Pade
b0 [0.0637, -0.1608, 0.1280, 0.0461, 0.0638, 0.0211]; %Pade
H1 freqz(h,1,w);

H2= freqz(b,a,w);

HO = freqz(b0,a0,w);

subplot(1,2,1);

plot (w/pi,20%1logl0(abs(H1)) ,w/pi,20*1logl0(abs(H0)),’-’,w/pi,20*1logl0 (abs (H2)
t = [0:79]°;

x=zeros(80,1);

x(1) =1;

subplot(1,2,2)

x1 = filter(b,a,x);

e = 0.5%sinc((t-5)/2);

subplot(1,2,2)

stem(e-x1) ;grid
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In Prony’s method bq[n] was found by setting
e[n] = ap[n] * x[n] — bg[n] =0 for n=0,1,...,q.

A better aproach is to perform least squares minimization over the model error
e'[n] = x[n] — X[n]

over the entire data record.

xlr]
sl o Ley gy | —% ¢/lr

H(z) is a cascade of Bg[z] and Ap(z), H(z) = Bq(z){ﬁ}
Once Ap(z) is determined, we can compute g[n], the impulse response 1/A,(z) by

gl = aln] = 32 2,[Klgln — kil with g[a] = O/for i < 0.

o0
We then minimize &5 = Y |e’[n]|> where
n=0

] = sif] — 2] = o] — /qujl ba[gln — 1
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o5t = b '[n) G5ty == 3 el ln-K =0 k=01....q

Substltutlng €’[n] into the above equation

5 [l — 3 ballleln — N} &*[n— K]

n=0 1=0
S bel[3 gln—Ng"ln— K] = > xlrlg"ln— K, k=0.1....q
= n=0

n=0
rglk,1] rxg[K]
rg[0,0]  rg[0,1] rg[0,2] ... rg[0,q] bg[O rxg[0]
rg[1,0]  rg[1,1] rg[1,2] ... rg[l,q] bq[1] rg[1]
rg[2,0]  rgl2,1] rg[2,2] ... rg2,4] bq[2] — | rel2
0.0 rglal] rla2 . rlaa | L bld rld]

On the other hand, rg[k+ 1,/ +1] = > g[n— (I + 1)]g*[n — (k + 1)]
n=0

o0
= X gln=DNlg"ln— k)] +gl-1— Nle”[-1 — k] = rlk, ]
n——
0 for k,I>0

If rglk + 1,14+ 1] = rg[k, ] then rglk,[] = rg[k — I] and the matrix equation becomes

hermitian.
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o] ol R .. bq[0 rsl0]
rg[l]  rg[0] g1l ... rglg—1] bq[1] reg (1]
rg[2] rg(1] rg[0] rgla —2] bgl2] | _ | rel2]

rglal rgla—1] rglg—2] ... rg[0] bq[q] reglal
The minimum mean squared error s using the orthogonality is

{Eshmn = 3 |l = 3 &/lnbe[n] = 3 nll? — 32 bqlk][ 3 ln — Klx*[rl]
n=0 0 n=0 k=0 n=0

n=

{Eshmin = 1101 — 3 by[Klrge[—K] = r[0] — 32 bq[K]r5,[K]
k=0 k=0
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All pole modeling using Prony’s method

H(z) = —2Q
1+ > aplklz—k
k=1
9 P
ap[k] are found by minimizing 50 = Y |e[n]|? where e[n] = x[n] + >_ ap[k]x[n — K]
n=1 k=1
x[n] = for n < 0, e[0] = x[0]
so & = > |e[n]|? will be minimized instead of £, i.e. since &, is not effected by
n=
ap[k].

9&p L
52z [k] = 0 leads to E ap[r<[k, I] = —rx[k,0], k=1,...,p

ek, ] = Z x[n — l]x*[n — K].
Notice that n=20 Lr(\jstead of n=1.
Kk +1,1+1] = > x[n— (I + 1)]x*[n — (k+ 1)]

n=0
_ ilx[n — Dx*[n = k)] 4 X[=1 — [x*[=1 — K] = re[k, 1]
"~ 0 for k,I>0
e[k, ] = e[k — 1] = Z::OX[n — x*[n — k]
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All pole normal equations

ROl @l Rl Elp—1 7 [ ap[0] rll]
8 Y S RA 1 4 gle-2 | | apll] (2]
R sl o] rlp-31 | | a2 | __| Bl

rp—1 nlp—2 nlp—31 ... 0] aplp] rlp)

{Epbmin = 1[0] — 3 ap K17 [K] = (0] — 32 ap[KIrs[]
k=0 k=0

If = b%(0) is chosen such that b(0) = \/{Ep}min, then it can be shown that energy in
x[n] is equal to the energy in X[n] = h[n] i.e. r<[0] = ry[0].
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Example: Modeling the signal x[n] = §[n] — §[n — 1]
2 k=0
The autocorrelation sequence is ry[k] = -1 k==+1
0 otherwise

The normal equation is ry[0]a[1l] = —r[1] — a[l] = —:X{é} = %

The modeling error is {Ep}min = € = rx[0] + a[1]rk[1] = 1.5
Energy matching constraint yields b[0] = v/1.5 = 1.22 and

H(z) = 1+é:§§*1

The normal equations for the second order model

EEIEIE IR ER IR
The all pole filter parameters are a[1] = 2/3, a[2] = 1/3 and the modeling error is

€ = rx[0] + a[1]rx[1] + a[2]r«[2] = 2 — 2/3 = 4/3 and b[0] = \/4/3 = 1.15

H(Z) — He1li5

1+2z- 14172
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FIR Least squares inverse filters

Given a filter g[n] how can we determine its inverse filter g{n]?
glnl xgfn] =6 or G(2)G7Y(2) =1
G—1(z) ~ H(z) so that G(z)H(z) ~ 1
An FIR filter hy[n] such that hy[n] *x g[n] = d[n] = &[n]

eln] = dlr] — w[n] * gln] = dln] — g Al — 1]

/Ld[n]
gln] Hi(2) dln] —3X e[n]

N—1
En = E le[n]|? = E |d[n] — Z ha[llg[n — 1]|> — Shank’s method
=0
Optimum least squares fllter

N—-1
> halllrglk — 1] = raglk], k=0,1,...,N—1
/=0

relk — 1] = gg[n —Ng*n— k] = rzll — K] and reglk] = god[n]g*[n — K
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rg[0] rg [1] rz 2] rglp —1] hy[0] g*[0]
rg[1] rg[0] rg [1] rglp—2] hy[1] 0
rg[2] rg[1] rg[0] ’g* [p—3] hy[2] — 0

reIN=1] rgIN=2 rg[N—3] ...  rg[0] APl 0
The minimum squared error is
(Erbrin = al0] = X hlklrg, 1
Since ryg[k] = g*[0]0[K]
{€p}min = 1 — hs[0]g[0]
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Example: FIR least squares inverse filter for g[n] = 6[n] — ad[n — 1], |o| < 1
gln =d[n] —ad[n—1] = G(z) =1 —az"?t

1+a> k=0
G l(2)= ﬁ—) g 1[n] = a"u[n] rglk] = -« k+1
0 otherwise

The normal equations for N = 2

- = 2
1+0?2  -a Hh[o]} {1] h[O]] [H;«}
_ 2 = — — = — 1+a+a
| —a 1l+4a h1] 2 0 | h1] S
H(z) = Gafresr + madra 7
The normal equations for length N
[1+a? —a 0 0 [ hy[0] 1
— 1+a? —a .. 0 hy[1] 0
0 —a  14+a® ... 0 hn[2] _|o
L O 0 —a ... 1+ ] [ hy[N-1] 0

Solving the recursive equation ahy[n — 1] + (1 4 a?)hy[n] — ahy[n+ 1] =0
we get hp[n] = c1a” + coa~". The boundary conditions are
(1 + a?)hy[0] — ahy[1] = 1 and —ahy[N — 2] + (1 + o?)hy[N — 1] = 0 which yield

¢ = af(Nfl)/(af(Nfl) _ aN+3) and ¢ = _aN+1/(a—(N71) _ aN+3)
. (aaniaan)/(afNiaNﬁﬁ) 0<n<N-1
hwln] = { 0 else
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MATLAB script for Testing FIR LS Inverse Filter

h=1(a."(n-N) - a."(N-n) )./ (a.”(-N) - a.~(N+2));
subplot(1,3,1) ;stem(g) ;grid;axis([ -1 4 -2 2] )
subplot(1,3,2);stem(conv(h,g));grid;axis([ -1 4 -2 2] )
subplot(1,3,3);stem(h);grid;axis([ -1 4 -2 2] )
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Autoregressive Moving Average (ARMA) Models

A

v(n) ——{ H(z) = 2@ | 2(n)

P S Ol
H(z) = Az~ = and v(n) is a unit variance white noise.
z—k
1+kZ::13p(k)

€us = E {[x(n) ~ (7))
H(z)Ap(2) = Bylz) — h(n) + 3= ap(k)h(n — k) = by(n)

o] + 3= 3p(x(n = 1) = 3 by(v(n =)

i=0
E { (x[n] + l_zla:(/)x(n -1 = /Z: bz(/)v(n - /)) x*(n— k)}
(k) 2 ap()rk = 1) = 32 ba()E {v(n = I)x*(k = 1)}
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{m v(n—l)v*(m)} h*(n—k —m)
S E{v(n— v (m)} h*(n — k — m) = 02h*(I — k)

m=—0o0

r(k) + I:fl an()re(k — 1) = 02 /:io bo(I)h*(1 — k)

—k
(k) = 3 byl1-+ WA (1) = 3 By(DH (1= k)

Modified Yule-Walker Equations
o3cq(k) k=0,1,...,q

K+ 3 an(Dr(k = 1) =
re( )-l—I:Zlap()rx( - )_{0 k>gq
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r«(1) r«(0) r(—=p+1) cq(1)
1
X X . . ap[1] X
rx(q) r(q—1) S re(q = p) 3l | _ 2| _cqla)
re(q+1) rx(q) (g —p+1) . 0
: : ap[P]
rx(q.+ p) (g +p— 1) . - rx(ﬁ) 0

—k
€alk) = bak) = 1" (k) = " bol1 + KIN" ()

The AR coefficients are determined using

[ rx(q) rx(q — 1) oo nxl@—p+1) ap[1] 7 r(q+1)
r(a+1) (a) L nla—p+2) 202 (g +2)
L (g +-P -1) g +.P -2) . . rxtq) ap‘[P] i ’x(q>+ P)
B T T | ) 1[1] O
re(1) r«(0) (e —1) ap[2] cq(1)
L ’x(q) ’x(q.‘*’ 1) . . rxto) ap:[P] cq‘(‘?) J
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Positive part of [C4(2)], = Y cq(k)z™*

Negative part of [Cq(2)]_ = > cq(k)z

[e.°]

k=0
-1

= 3 (k)2
k=1

Cq(2) = Bq(2)H*(1/2") = Bq(Z)Bé(l/Z*)/AZ(JZ*)
Py(2) = Ca(2)A5(1/27) = [Co(2)] AR(L/27) + [Co(2)]_ AG(1/27)
Causal part of P (z) — [Py (2)], = [[CC,(Z)]JFA;*,(l/z*)]Jr

v(n)

Py(2) = Bq(2)Bg(1/2")

Ba(2)B5(1/2")
Pu(2) = 2,5a507)
X\n
Hz) = 2] S

y(n)
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(0
(1
[Gi(2)], =45/2—6z"" and Aj(1/z") =1— 0.5z =—45/4z +51/2 — 62"

[Py (2)], = [[G(2)], AI(1/2")], = % — 627"
Using symmetry of P,(z)
(G2, Ai(1/2") = Bi(2)Bi (1/2") = —62+ 3 —62 1 = 24(1— 127 1)(1-}2)

o | [t =[50 | [ &[] -[ 5]

H(z) = 2\[11 00255;
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Autoregressive (AR) Models

H(z) = —5"0—
14+ ap(k)z—k
k=1

Yule-Walker Equations for AR process
P

re(K) + X2 ap(l)re(k — 1) = |b(0)|?6(k) k>0
I=1

RO n(=D) o n(=p+1) apl1] (1)
re(1) r«(0) re(—p +2) ] [ ap[2] ] - |: r(2) ]
rx(P.— 1) ’X(P._ 2) . . "X(O) ap-[P] rX(.P)
P
[b(0)[? = r(0) + k; ap(k)rx(k)
N-1
For a given sample of x(n), A(k) = % x(n)x(n — k)
n=0
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Moving Average (MA) Models
x(n) = Z bg(k)v(n — k)

Yule- Walker Equatlons for MA process
r(k) = bq(k) * bg(—k) = /Zo bq(1 + [k[)bg(1)

P2) = 3 rlk)z " = Bo()B;(1/27) = [HOF [1(1- iz [1(1-4i2)
Using SpeEtrZJI Factorization - -

P.(2) = R Q(2)Q*(1/2") = 03 krl(l — oz ) kﬁg(l — 0j2)

where Q(z) is a minimum phase, monic polynom7ia| and oo = b(0)

H(z) = o0 éo q(k)z*

MA process with r(k) = 178(k) + 4[6(k — 1) + 46(k + 1)]
Pu(z) =174+ 4z 44z =[224+17/4z L + 14z = (z71 + 1/4)(z~ + 4)4z
= (z*l +4)(4+2z) = UOB(Z)B*(I/Z )

go=1and H(z) = B(z) =4+ 2z!
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Durbin’s Method . .
An MA process is By(z) = 3_ bg(k)z™* so that x(n) = 3 bg(k)w(n — k)
k=0

where w(n) is a white noise.
B(z)~ 32 = —+
W(2) ~ 2@ 20+ £ (ke
For example, if Bi(z) = b(0) — b(1)z™* where |b(0)| > |b(1)] then
1 _ 1 _ 1 N gk—k _ b(1)
B ~ 0T 5o P2 where B = 5.
This means that Bi(z) can be approximated by the expansion
s b(0)
Bi(2) ~ ey 1
Once a high order all pole model for x(n) is found, the MA coefficients can be
computed from all pole coefficents ap(k).
Since Ay(z) ~ 5.z; = ———— an all pole model with order g for

Bl b0+ é by (k)2

ap(k) will yield bq(k).
Given x(n) for n =0,1,...,N — 1, find a pt" order AR model for x(n) with
order > 4q and normalize the coefficients so that the gain term is unity.
Using the AR coefficients in Step 1 as input data, fit a g*" order AR model
which will yield the MA coefficients after normalized by gain term.
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X(z)=1-Bztand |8 <1

The normal equation for an AR(1) model % for a sequence of length N is

[ n(0) ][ 1] ]—- [ (1) ] — a(1) = —rc(1)/r<(0)

N _
m(k) = 3 x(m)x*(n = k) Zﬂ"( gy = il
n—k
_ 1 312N+2 182N
r(1) = BT and r(0) = * 'ﬁ'ﬁ,z — a(1) = -8 A
d [b(O2 = r(0 1)n(1) = =B
and |b(0]* = r(0) + a1(1)rx(1) = 1= sy

Ap(z) = b5 = =hr = z Brz=k — ap(k) = Bk = x(k)

Then all pole model for sequence x(n) for p>>1is

X(2) = 2tz = =TTy
A 1st order AR model for the sequence ap(k) = B¥ with length p is
(0
H(z) = et — a1(1) = —x(1)/(0)
a(l) = —B-18% and lim a(l) = —8 and [B(0)2 = re(0) + a(L)r2 (1) = L=IBIP
B 1,‘[3‘2”2 p— 00 - - x = 1-|B|%*2

and lim b(0) =
p—>00
Bi(z)=1-p3z71
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