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Discrete Systems

Unit sample function

δ(n) =

{
1 ; n = 0
0 ; otherwise

Sifting Property

x(n) =
∞∑

k=−∞

x(k)δ(n − k)

Unit step function

u(n) =

{
1 ; n ≥ 0
0 ; otherwise

The relation between δ(n) and u(n)

u(n) =
n∑

k=−∞

δ(k) ←→ δ(n) = u(n)− u(n − 1)
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Linearity

T [ax1(n) + bx2(n)] = aT [x1(n)] + bT [x2(n)]

If the input is x(n) =
∞∑

k=−∞

x(k)δ(n − k)

then the output is

y(n) =
∞∑

k=−∞

x(k)T [δ(n − k)] =
∞∑

k=−∞

x(k)hk(n)

where hk(n) is the response of the system to the unit pulse located at k,
i.e. δ(n − k).
Shift Invariance

If T [δ(n)] = h(n) and T [δ(n − k)] = h[n − k] then
hk(n) = h(n − k)
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Convolution Sum

y(n) =
∞∑

k=−∞

x(k)h(n − k) =
∞∑

k=−∞

x(n − k)h(k) = x(n) ∗ h(n)

Causality
The response of the system at time n0 depends only on the input values
at n ≤ n0 i.e.

y [n] = T [x(n), x(n − 1), . . .]

For a linear and shift invariant system h(n) = 0 for n < 0.
Stability
If a bounded input yields a bounded output, the system is BIBO stable

|x(n)| < A <∞ T−→ |y(n)| < B <∞

For a linear and shift invariant system
∞∑

k=−∞

|h(n)| <∞.
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Time Domain Descriptions of LSI Systems

y(n) +

p∑
k=1

a(k)y(n − k) =

q∑
k=0

b(q)x(n − k)

IIR System

y(n) =

q∑
k=0

b(q)x(n − k)−
p∑

k=1

a(p)y(n − k)

FIR System

y(n) =

q∑
k=0

b(q)x(n − k)

Discrete Time Fourier Transform Pair

X (e jω) =
∞∑

n=−∞
x(n)e−jωn ←→ x(n) =

1

2π

π∫
−π

X (e jω)e jωndω
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Convolution Theorem for an LSI system

y(n) = x(n) ∗ h(k) = h(n) ∗ x(n)←→ Y (e jω) = X (e jω)H(e jω)

Parseval’s Theorem

∞∑
n=−∞

|x(n)|2 = 1

2π

π∫
−π

|X (e jω)|2dω

z−Transform

X (z) =
∞∑

n=−∞
x(n)z−n

where z = re jω and when r = 1, the z−transform becomes the Fourier
transform.
The obtain a finite expression for X (z), the z−transform requires a
region of convergence where z ⊂ Z.
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Properties of z−Transform
Property Sequence Transform

x(n) X (e jω)
Delay x(n − n0) e−jωn0X (e jω)
Modulation e jωnx(n) X (e j(ω−ω0))
Conjugation x∗(n) X ∗(e−jω)
Time reversal x(−n) X (e−jω)
Convolution x(n) ∗ y(n) X (e jω)Y (e jω)
Multiplication nx(n) j d

dωX (e jω)

Properties of z−Transform
Property Sequence Transform

x(n) X (z)
Delay x(n − n0) z−n0X (z)
Modulation αnx(n) X (z/α)
Conjugation x∗(n) X ∗(z∗)
Time reversal x(−n) X (z−1)
Convolution x(n) ∗ y(n) X (z)Y (z)
Multiplication nx(n) −z d

dzX (z)
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Commonly encountered series and their closed forms

N−1∑
n=0

an =
1− aN

1− a

∞∑
n=0

an =
1

1− a
: |a| < 1

N−1∑
n=0

nan =
(N − 1)aN+1 − NaN + a

(1− a)2

∞∑
N=0

nan =
a

(1− a)2
: |a| < 1

N−1∑
n=0

n =
1

2
N(N − 1)

N−1∑
n=0

n2 =
1

6
N(N − 1)(2N − 1)
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Transfer function of an LSI system

Z

[
y(n) +

p∑
k=1

a(k)y(n − k) =
k∑

k=0

b(q)x(n − k)

]

Y (z)
X (z) = H(z) =

q∑
k=0

b(k)z−k

1+

p∑
k=1

a(k)z−k

= b(0)

q∏
k=1

(1− zkz
−1)

p∏
k=1

(1− pkz
−1)

zk : zeros
pk : poles
Linear Phase Filters and Conjugate Symmetry

H(e jω) = A(e jω)e j(β−αω)

h∗(n) = ±h(N − 1− n)
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Minimum phase filter

A stable and causal filter having a rational system function with all of its
poles and zeros inside the unit circle is called a minimum phase filter.

Some Useful z−Transform Pairs

Sequence Transform ROC
δ(n) 1 All z

αnu(n) 1
1−αz−1 |z | > α

−αnu(−n − 1) 1
1−αz−1 |z | < α

α|n| 1−α2

(1−αz−1)(1−αz) α < |z | < 1/α
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Discrete Time Fourier Transform and DFT
For an N point finite sequence x(n), the discrete Fourier transform
(DFT) pair is

X (k) =
N−1∑
n=0

x(n)e−j2πkn/N ←→ x(n) =
1

N

N−1∑
k=1

X (k)e j2πkn/N

Both x(n) and are X (k) are assumed as discrete and periodic.

Circular Convolution

y(n) =
N−1∑
k=0

x(k)Nh(n − k)N

Y (k) = X (k)H(k)
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Vectors

x = [x1, x2, . . . , xN ]
T

Hermitian Transpose

xH = (xT )∗ = [x∗1 , x
∗
2 , . . . , x

∗
N ]

Signal Vector

x(n) = [x(n), x(n − 1), . . . , x(n − N + 1)]T

Euclidian Norm of a vector

|a| =
√

a21 + a22 + . . .+ a2N

Inner Product

< a,b >= aHb =
N∑
i=1

a∗i bi = |a||b| cos(θ)
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Orthogonality,

< a,b >= 0

If a and b have unit length then < a,b >= 0 implies orthonormality.

Cauchy-Schwarz Inequality

| < a,b > | ≤ |a||b|

2| < a,b > | ≤ |a|2 + |b|2

|a± b| = |a|2 ± 2 < a,b > +|b|2

Vector Spaces, Basis Vectors, Linear Independence
For a set of vectors v1, v2, . . . , vN , if any vector v can be expressed as

v =
N∑
i=1

αivi

then vi are called the basis vectors that span a vector space.

α1v1 + α2v2 + · · ·+ αNvN = 0
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Matrices

An×m = {aij} =


a11 a12 · · · a1m
a21 a22 · · · a2m
...

...
...

...
an1 an2 · · · anm


Convolution Matrix

y(n) =
N−1∑
k=0

h(n − k)x(k)

can be expressed as vector-matrix operation as
y0
y1
...

yN−1


︸ ︷︷ ︸

y

=


h0 0 · · · 0
h1 h0 · · · 0
...

...
...

...
hN−1 hN−2 · · · hN−M


︸ ︷︷ ︸

H


x0
x1
...

xM−1


︸ ︷︷ ︸

x
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Determinant

det(A) = |A| =
n∑

i=1

(−1)i+jaij |Aij |

A =

[
a11 a12
a21 a22

]
|A| = a11a22 − a12a21

A =

 a11 a12 a13
a21 a22 a23
a31 a32 a33


|A| = a11

∣∣∣∣ a22 a23
a32 a33

∣∣∣∣− a12

∣∣∣∣ a21 a23
a31 a33

∣∣∣∣+ a13

∣∣∣∣ a21 a22
a31 a32

∣∣∣∣
= a11(a22a33−a23a32)−a12(a21a33−a31a23)+a13(a21a32−a22a31)
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Hermitian Matrix
A matrix is Hermitian if

A = AH = (A∗)T

Rank of a matrix

rank(A)m×n = ρ(A) ≤ min(m, n)

is the number of independent columns in A.
For a full rank matrix ρ(A) = min(m, n).
If A is full rank and m = n then it has a unique inverse so that

AA−1 = A−1A = I
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Properties of Determinant

1 |AB| = |A||B|
2 |AT | = |A|
3 |αA| = αn|A|

4 |A−1| = 1

|A|
Inverse and Determinant

A−1 =
1

|A|
adj(A)

adj(A)T = cofactor(A)
cij : cofactor(A)ij
cij = (−1)i+jmij

cij : Minor(A)ij
cij = |A| with ith row and jth column deleted

|A| = ai1ci1 + ai2ci2 + · · ·+ aincin =
n∑

j=1
aijcij
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Matrix Inversion Lemma
(A+ BCD)−1 = A−1 − A−1(I+ BCDA−1)−1BCDA−1

(A+ BCD)−1 = A−1 − A−1B(I+ CDA−1B)−1CDA−1

Woodbury Identity
In a special case where B→ u, C = 1, D = vH

the Matrix Inversion Lemma leads to

(A+ uvH)−1 = A−1 − A−1uvHA−1

1+vHA−1u
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a11x1 + a12x2 + · · ·+ a1mxm = b1

a21x1 + a22x2 + · · ·+ a2mxm = b2
...

...
...

an1x1 + an2x2 + · · ·+ anmxm = bn

An×mxm×1 = bn×1 = a1y
x1 + a2y

x2 + . . .+ amy
xm

{AB}ij =
∑
k

aikbkj
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aTBc =
∑
i

∑
j
aibijcj

ABC =

 a1y
a2y

. . .

 b11 b12 . . .

b21 b22 . . .
...

...
...


 c1 −→

c2 −→
...


= b11a1y

c1 −→ + b12a1y
c2 −→ + b21a2y

c1 −→ + . . .
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Eigenvalue Problem : Av = λv

A
[
v1 v2 · · · vN

]
=

[
v1 v2 · · · vN

]


λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λN


AV = VΛ −→ A = VΛV−1

f (A) = Vf (Λ)V−1 eA = I+
1

1!
A+

1

2!
A2 + · · ·

Characteristic polynomial

|λI− A| = λN + a1λ
N−1 + · · ·+ aN−1λ+ aN = 0

Every matrix satisfies its characteristic equation

AN + a1A
N−1 + · · ·+ aN−1A+ aN = 0
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TRACE of A

Trace(A) =
∑
i
aii

Useful Identities

Trace(AB) = Trace(BA)

Trace(ABC) = Trace(CAB) = Trace(BCA)

xTAy = Trace(yxTA)

Trace(A) =
∑
i
λi
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Singular Value Decomposition

Every matrix A can be decomposed into
Am×n = Um×mΣm×nVT

n×n

eig(AAT ) = UDUT −→ U : left eigenvectors
uTi uj = δij −→ U−1 = UT

eig(ATA) = VDVT −→ V: right eigenvectors
vTi vj = δij −→ V−1 = VT

Σ : singular values −→ Σ2 = D

A =

 u1 . . . ur ur+1 . . . umy ...

y y ...

y



σ1 0

. . .

σr

0 0





vT1 −→
...
vTr −→
vTr+1 −→
...
vnT −→


Col(A)︸ ︷︷ ︸ Null Space︸ ︷︷ ︸
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Block Diagonal Matrices

[
A C
B D

]−1

=

[
FA

−1 −A−1CFD
−1

−FD
−1BA−1 FD

−1

]
FA = [A− CD−1B] FD = [D− BA−1C]

where FD and FD are the Schur’s complement of A and D, respectively.
Determinant of a block diagonal matrix is∣∣∣∣ A C

B D

∣∣∣∣ = ∣∣∣∣[ A 0
B I

] [
I A−1C
0 D− BA−1C

]∣∣∣∣ = |A| · |D− BA−1C| = |A| · |FD|

∣∣∣∣ A C
B D

∣∣∣∣ = ∣∣∣∣[ I C
0 D

] [
A− CD−1B 0

D−1B I

]∣∣∣∣ = |D| · |A− CD−1B| = |D| · |FA|

It follows by the assignment

[
A C
B D

]
=

[
A X
XT −D−1

]
that

|A+ XDXT | = |A| · |D| · |D−1 + XTA−1X|
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Norm of a matrix A or a vector a

L0 Norm : ||A||0 =
∑
ij

|aij |0

L1 Norm : ||A||1 =
∑
ij

|aij |

L2 Norm of a vector a → ||a||2 =
√∑

i

a2i

Frobenius Norm of a matrix A → ||A||F =
√∑

ij

a2ij

L∞ Norm : ||A||∞ = max
ij

|aij |

L2,1 Norm of a matrix A =
∑
i

||A(i , :)||2

L1,2 Norm of a matrix A =

√∑
i

||A(i , :)||21

Nuclear norm of a matrix A ||A||∗ =
∑
i

λi λi = {singular values ofA}
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Solution of Linear System of Equations Ax = b

a11x1 + a12x2 + · · ·+ a1mxm = b1

a21x1 + a22x2 + · · ·+ a2mxm = b2
...

...
...

an1x1 + an2x2 + · · ·+ anmxm = bn

Am×nxn = bm

Least Squares Solution

Minimum Norm Solution

Regularized Least Squares Solution
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Solution of Linear System of Equations Ax = b

m < n Overdetermined Case −→ Least Squares Solution
∂
∂x

|Ax− b|2 = 0,
∂
∂x

(
xTATAx− xTATb− bTAx+ bTb

)
= 2ATAx− ATb− ATb = 0

x = (ATA)−1ATb
If ∂

∂x
(Ax− b)TW(Ax− b) = 0 then it is Weighted Least Squares Solution

x = (ATWA)−1ATWb

m > n Underdetermined Case −→ Minimum Norm Solution
∂
∂x

(
xT x+ λT (Ax− b)

)
= 2x+ ATλ = 0 and λ = −2(AAT )−1b

x = AT (AAT )−1b

m > n −→ Regularized Least Squares Solution
∂
∂x

(
|Ax− b|2 + µxT x

)
= 0

xµ = (ATA+ µI)−1ATb

m > n −→ Smoothness Regularization
∂
∂x

(
|Lx|2 + λT (Ax− b)

)
= 0, L: The Laplacian Operator

x = (LTL)−1AT (A(LTL)−1AT )−1b

m > n → General Minimum Norm Solution with Constraint Cx− d
∂
∂x

(
|Ax− b|2 + λT (Cx− d)

)
= 0 −→ x =?
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Some Properties

A matrix A is positive definite, if for any vector x the
quadratic form always maintains the property that xTAx > 0.

The nonzero eigenvectors of A, v1, v2, . . . , vn are linearly
independent if λi are distinct. This implies that if
Av = 0 then A has n − rank(A) eigenvalues λi which are
equal to 0.

Eigenvalues of a Hermitian matrix are real.

A Hermitian matrix is positive definite if and only if λi > 0.

The eigenvectors of a Hermitian matrix corresponding to
distinct eigenvalues are orthogonal.

A Hermitian matrix A may be decomposed using spectral
theorem as

A = VΛVH =
n∑

i=1

λivivi
H where vi are orthonormal.
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If A = B+ αI where B = λu1uH1 and |u| = 1.
Bu1 = λ(u1uH1 )u1 = λu1
u1 is an eigenvector of B with eigenvalue λ.
Since A is Hermitian, eigenvectors of A = {u1, v2, . . . , vn} and
λi = {λ+ α, α, . . . , α}.

A−1 =
1

λ+ α
v1v

T
1 +

n∑
i=2

1

α
viv

H
i

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

Review of Basics



Optimization of Complex Functions
The minimum for convex functions : d

dx f (x) = 0 and d2

dx2
f (x) > 0.

∇x f (x) =
d
dx f (x) =


∂
∂x1

f (x)
∂
∂x2

f (x)
...

∂
∂xn

f (x)


For an extremum point of f (x),
∇x f (x) = 0 and Hx must be positive definite where

{Hx}ij = ∂2f (x)
∂xi∂xj

.
d
dz
z = 1 d

dz
|z|2 = z∗ d

dz
aHz = a∗ d

dz
zHa = 0 d

dz
zHAz = (Az)∗

d
dz∗ z = 0 d

dz∗ |z|
2 = z∗ d

dz∗ a
Hz = 0 d

dz∗ z
Ha = a d

dz∗ z
HAz = Az
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Minimize Q = 1
2z

HRz with the constraint zHa = 1.

QR(z, λ) =
1
2z

HRz+ λ(1− zHa)

∇z∗QR(z, λ) = Rz− λa = 0 ∂QR(z,λ)
∂λ = 1− zHa

z =
R−1a

aHR−1a

The minimum value of Q is

min{Q} = zHa

aHR−1a
=

1

aHR−1a
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