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Discrete Random Variables

A random variable is a number whose value depends upon the
outcome of a random experiment.

Mathematically, a random variable X is a real-valued function on
the space of outcomes which maps a probabilistic event to a real
number:

X : Ω −→ R (1)

A discrete random variable X has finitely or countably many values
xi , i = 1, 2, . . . and p(xi ) = P(X = xi ) with i = 1, 2, . . . is called
the probability mass function (pmf ) of X .

Flipping a coin experiment

A real valued variable X is defined as

If the flip is heads then ω1 = {H} −→ X = 1

If the flip is tails then ω2 = {T} −→ X = −1
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An urn contains 20 balls numbered 1, . . . , 20. Select 5 balls at random, without
replacement. Let X be the largest number among selected balls. Determine its pmf
and the probability that at least one of the selected numbers is 15 or more.

p(X = i) =

(
i-1
4

)/( 20
5

)

P(at least one of the selected numbers is ≥ 15 )

=
20∑

i=15
P(X = i) = 1−

(
14
5

)/( 20
5

)

An urn contains 11 balls, 3 white, 3 red, and 5 blue balls. Take out 3 balls at random,
without replacement. You win $1 for each red ball you select and lose a $1 for each
white ball you select. Determine the pmf of X , the amount you win.

P(X = −3) = P(X = 3) =

(
3
3

)/( 11
3

)
P(X = −2) = P(X = 2) =

[(
3
2

)
·
(

5
1

)]/( 11
3

)
P(X = −1) = P(X = 1) =

[(
3
1

)
·
(

3
2

)
+

(
3
1

)
·
(

5
2

)]/( 11
3

)
P(X = 0) =

[(
5
1

)
·
(

3
1

)
·
(

3
1

)
+

(
5
3

)]/( 11
3

)
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Assume that X is a discrete random variable with possible values
xi , i = 1, 2 . . . .

Expected value, also called expectation, average, or mean, of X is

E{X} =
∑

i
xiP(X = xi ) =

∑
i
xip(xi )

For any function, g : R −→ R,

E{g(X )} =
∑

i
g(xi )P(X = xi )

Variance, σ2 of X is

σ2 = E
{

[X − E{X}]2
}

= E{X 2} − E{X}2

Rolling a dice N times

E{X} = 1·n1+2·n2+3·n3+4n4+5·n5+6·n6
N

= 1 · n1
N

+ 2 · n2
N

+ · · ·+ 6 · n6
N

For very large N, n1
N

= n2
N
· · · = n6

N
≈ 1

6

E{X} = 1
6
· (1 + 2 + · · ·+ 6) = 3

2
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Continuous Random Variables

A random variable X is continuous if there exists a nonnegative
function f so that, for every interval B,

P(X ∈ B) =
∫
B

f (x)dx

The function f = fX is called the density of X .

The function F = FX given by

F (x) = P(X ≤ x) =
x∫
−∞

f (s)ds

is called the distribution function of X .
On an open interval where f is continuous,

F ′(x) = f (x).
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Expected Value

By analogy with discrete random variables, we define,

E{X} =
∞∫
−∞

xf (x)dx ,

E{g(X )} =
∞∫
−∞

g(x)f (x)dx

and variance is computed by the same formula:
Var(X ) = E{X 2} − (E{X})2.

f (x) =

{
cx 0 < x < 4,
0 otherwise.

(a) Determine c. (b) Compute P(1 ≤ X ≤ 2). (c) Determine E{X} and Var{X}.

(a)
∞∫
−∞

f (x)dx = 1 =
4∫

0
cxdx = c x2

2

∣∣∣4
0

= c 16
2
−→ c = 1

8
(b)

P(1 ≤ X ≤ 2) =
2∫

1

1
8

xdx = x2

16

∣∣∣2
1

= 4−1
16

= 3
16

(c) E{X} =
4∫

0

1
8

x2dx = x3

24

∣∣∣4
0

= 64
24

= 8
3

, E{X 2} =
4∫

0

1
8

x3dx = x4

32

∣∣∣4
0

= 256
32

= 8, Var{X} = 8− 64
9

= 8
9
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Assume that X has density f (x) =

{
3x2 if x ∈ [0, 1],
0 otherwise.

Compute the density fY of Y = 1− X 4.

x ∈ [0, 1] and y ∈ [0, 1].

FY (y) = P(Y ≤ y) = P(1− X 4 ≤ y) = P(1− y ≤ X 4) = P((1− y)
1
4 ≤ X )

= 1− P(X ≤ (1− y)
1
4 ) = 1−

(1−y)
1
4∫

0

3x2dx = 1− x3
∣∣∣(1−y)

1
4

0
= 1− (1− y)

3
4

fY (y) = d
dy

FY (y) = 3
4

(1− y)−
1
4 for y ∈ [0, 1] and fy (Y ) = 0, otherwise.

Assume that X is uniform on [0, 1]. What is the probability that the binary expansion
of X starts with 0.010?
Smallest X = 0.010 = 1

4
and largest X = 0.011 = 3

8
,

P( 1
4
≤ X < 3

8
) = 3

8
− 1

4
= 1

8

Let X be a continuous random variable with probability density function on 0 ≤ x ≤ 1,
f (x) = 3x2 What is the pdf of Y = X 2.

P(Y ≤ y) = P(X 2 ≤ y) = P(X ≤ √y) =

√
y∫

0

3t2dt = y
3
2 = FY (y), 0 ≤ y ≤ 1

fY (y) = d
dy

FY (y) = 3
2

y
1
2 for 0 ≤ y ≤ 1.
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A uniform random number X divides [0, 1] into two segments. Let R be the ratio of
the smaller versus the larger segment. Compute the density of R.

R =

{
x

1−x
if x ∈ [0, 1

2
],

1−x
x

if x ∈ [ 1
2
, 1],

FR (r) = P(R ≤ r) = P(X ≤ 1
2
, X

1−X
≤ r) + P(X > 1

2
, 1−X

X
≤ r)

= P(X ≤ 1
2
,X ≤ r

r+1
) + P(X > 1

2
,X ≥ 1

r+1
) = P(X ≤ r

r+1
) + P(X ≥ 1

r+1
)

FR (r) = r
r+1

+ 1− 1
r+1

= 2r
r+1

f (r) = d
dr

FR (r) = 2
(r+1)2

Assume that a lightbulb lasts on average 100 hours. Assuming exponential
distribution, compute the probability that it lasts more than 200 hours and the
probability that it lasts less than 50 hours.

Exponential density f (x) =

{
λe−λx x ≥ 0,
0 x < 0

λ = 1
100

P(X > 200) = 1− P(X ≤ 200) = 1−
200∫
0

1
100

e−
x

100 dx = 1 + e−
x

100

∣∣∣200

0
= 1 + e−2 − 1

P(X ≤ 50) =
50∫
0

1
100

e−
x

100 dx = −e−
x

100

∣∣∣50

0
= 1− e

1
2
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Theorem
If X is a continuous random variable, then the pdf of y = g(X ) is

fY (y) =
k∑

i=1

fx (x i )
|g ′(x i )|

where x1, . . . , xk are the roots of the equation y = g(x).

Suppose X has a Gaussian distribution with a mean of 0 and variance of 1 and
Y = X 2 + 4. Find the pdf of Y .

y = g(x) = x2 + 4, g−1(y) = ±
√

y − 4, g ′(x) = 2x

fY (y) = 1√
2π

e−
1
2

(y−4) · 1
2
√

y−4
+ 1√

2π
e−

1
2

(y−4) · 1
2
√

y−4
= 1√

2π
e−

1
2

(y−4) · 1√
y−4

fY (y) =

{
1√
2π

e−
1
2

(y−4) · 1√
y−4

4 ≤ y

0 otherwise
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Let X be a normal distributed, N (µ, σ2) random variable and let Y = αX + β, with
α > 0. How is Y distributed?

fX (x) = N (σ2) = 1

(2πσ2)
1
2

e
− 1

2σ2 (x−µ)2

FY (y) = P(Y ≤ y) = P(αX + β ≤ y) = P(X ≤ y−β
α

) =

y−β
α∫
−∞

fX (x)dx

fY (y) = d
dy

FY (y) = d
dy

y−β
α∫
−∞

fX (x)dx = fY ( y−β
α

) 1
α

fY (y) = 1

(2πσ2α2)
1
2

e
− 1

2σ2α2 (y−αµ−β)2

= fY (y) = N (αµ+ β, σ2α
2
)

Standard Normal Distribution
If X ∼ N (µ, σ2) then Z = X−µ

σ
is standard normal

fZ (z) = 1√
2π

e−
1
2

x2

and its distribution function, also called as error function is

Φ(z) = FZ (z) = 1√
2π

z∫
−∞

e−
1
2

x2
dx
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Jointly Distributed Random Variables

Flipping two coins experiment :

A real valued variable x(i) with i = 1, 2 is defined as

If the flip is heads then ω1 = {H} −→ x(i) = 1

If the flip is tails then ω2 = {T} −→ x(i) = −1

Joint distribution function

Fx(1),x(2)(α1, α2) = Pr{x(1) ≤ α1, x(2) ≤ α2}

Joint density function

fx(1),x(2) =
∂2

∂α1∂α2
Fx(1),x(2)(α1, α2)
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Joint Moments
Correlation

rxy = E{xy∗}

Covariance

rxy = Cov(x , y) = E
{

[x −mx ][y −my ]∗
}

= E
{
xy∗
}
−mxm

∗
y

Correlation Coefficient

ρxy =
E
{
xy∗
}
−mxm

∗
y

σxσy

|ρxy | ≤ 1
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Joint Distributions and Independence

Discrete Case
Assume that you have a pair (X ,Y ) of discrete random variables
X and Y . Their joint probability mass function is given by
p(x , y) = P(X = x ,Y = y) so that

P((X ,Y ) ∈ A) =
∑

(x ,y)∈A

p(x , y).

The marginal probability mass functions are the pmf ’s of X and
Y , given by

P(X = x) =
∑
y
P(X = x ,Y = y) =

∑
y
p(x , y)

P(Y = y) =
∑
x
P(X = x ,Y = y) =

∑
x
p(x , y)
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An urn has 2 red, 5 white, and 3 green balls. Select 3 balls at random and let X be
the number of red balls and Y the number of white balls. Determine (a) joint pmf of
(X ,Y ), (b) marginal pmf’s, (c) P(X ≥ Y ), and (d) P(X = 2|X ≥ Y ).

x = {0, 1, 2} and Y = {0, 1, 2, 3}

P(X = x ,Y = y) =

(
2
x

)
·
(

5
y

)
·
(

3
3-(x+y)

)
 10

3



y\x 0 1 2 P(Y = y)
0 1/120 2 · 3/120 3/120 10/120
1 5· 3/120 2 · 5 · 3/120 5/120 50/120
2 10 · 3/120 10 · 2/120 0 50/120
3 10/120 0 0 10/120

P(X = x) 56/120 56/120 8/120 1

P(X ≥ Y ) = (1+2·5·3+2·3+5+3)
120

= 3
8

P(X = 2|X ≥ Y ) = P(X =2,X≥Y )
P(X≥Y )

=
3+5
120

3
8

= 8
45

.
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Independence

Two random variables X and Y are independent if

P(X ∈ A,Y ∈ B) = P(X ∈ A)P(Y ∈ B)

for all intervals A and B. In the discrete case, X and Y are
independent exactly when

P(X = x ,Y = y) = P(X = x)P(Y = y)

for all possible values x and y of X and Y , that is, the joint pmf is
the product of the marginal pmf ’s.

In the previous example, are X and Y independent?

P(X = 1,Y = 3) = 0 and P(X = 1)P(Y = 3) = 56
120
· 10

120

P(X = 1,Y = 3) 6= P(X = 1)P(Y = 3).

Therefore, X and Y are not independent.
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Continuous Case
We say that (X ,Y ) is a jointly continuous pair of random variables
if there exists a joint density f (x , y) ≥ 0 so that

P((X ,Y ) ∈ S) =
∫∫
S

f (x , y)dxdy ,

where S is some nice (say, open or closed) subset of R2.

f (x , y) =

{
cx2y if x2 ≤ y ≤ 1,
0 otherwise

Determine (a) the constant c, (b) P(X ≥ Y ), (c) P(X = Y ), and (d) P(X = 2Y ).

(a)
1∫
−1

1∫
x2

cx2ydxdy = 1, c = 21
4

,

(b) P(X ≥ Y ) =
1∫

x=0

x∫
y=x2

21
4

x2ydxdy = 3
20
↔ Area between y = x and y = x2.

(c) = 0.

(d) = 0.
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Marginal Densities

If f is the joint density of (X ,Y ), then the two marginal densities,
which are the densities of X and Y , are computed by integrating
out the other variable:

fX (x) =
∞∫
−∞

f (x , y)dy

fY (y) =
∞∫
−∞

f (x , y)dx

Two jointly continuous random variables X and Y are independent
exactly when the joint density is the product of the marginal ones:

fX ,Y (x , y) = fX (x)fY (y)

for all x and y .
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Previous example, continued. Compute marginal densities and determine whether X
and Y are independent.

fX (x) =
1∫

x2

21
4

x2ydy = 21
8

x2(1− x4) for x ∈ [−1, 1] and 0 elsewhere.

fX (x) =

√
y∫

−√y

21
4

x2ydx = 7
2

y
5
2 for y ∈ [0, 1] and 0 elsewhere.

fX ,Y (x , y) 6= fX (x)fY (y), so X and Y are not independent.

Mr. and Mrs. Smith agree to meet “between 5 and 6 p.m.” Assume that they both
arrive there at a random time between 5 and 6 and that their arrivals are independent.
(a) Find the density for the time one of them will have to wait for the other. (b) Mrs.
Smith later tells you she had to wait; given this information, compute the probability
that Mr. Smith arrived before 5 : 30.
Let X and Y be the time when when Mr. and Mrs. Smith arrives, respectively;

(a) Let T = |X − Y |, which has possible values in [0, 1] hour.
P(T ≤ t) = P(|X − Y | ≤ t) = P(−t ≤ X − Y ≤ t)
= P(X − t ≤ Y ≤ X + t) = 1− (1− t)2 = 2t − t2,

(b) P(X ≤ 0.5|X > Y ) = P(X≤0.5,X>Y )
P(X>Y )

=
1
8
1
2

= 1
4

.
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Assume that you are waiting for two phone calls, from Alice and from Bob. The
waiting time T1 for Alices call has expectation 10 minutes and the waiting time T2 for
Bob’s call has expectation 40 minutes. Assume T1 and T2 are independent
exponential random variables. What is the probability that Alice’s call will come first?

Assuming a time unit of 10 minutes
fT1

= e−t1 , fT1
= 1

4
e−t2/4

fT 1,T 2 = fT1
(t1) · fT2

(t2) = 1
4

e−t1−t2/4

P(Alice′s call first) = P(T2 > T1) =
∞∫
0

∞∫
t1

1
4

e−t1−t2/4dt1dt2 = 4
5

Conditional distributions
The conditional pmf of X given Y = y is, in the discrete case, given simply by

pX (x |Y = y) = P(X = x |Y = y) = P(X =x,Y =y)
P(Y =y)

.

For a jointly continuous pair of random variables X and Y , the conditional density of
X given Y = y is

fX (x |Y = y) =
fX ,Y (x , y)

fY (y)

where fX ,Y (x , y) is the joint density of (X ,Y ).
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Suppose (X ,Y ) has joint density f (x , y) =

{
21
4

x2y x2 ≤ y ≤ 1,
0 otherwise

Compute fX (x |Y = y).

fX (x |Y = y) =
fX,Y (x,y)

fY (y)
, fY (y) =

√
y∫

−√y

21
4

x2ydx = 7
2

y
5
2

fX (x |Y = y) =
21
4

x2y

7
2

y
5
2

= 3
2

x2y−
3
2
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Transformation of Random Variables
Theorem
Let f (x) be the value of the probability density of the multivariate continuous random
variable X. If the vector-valued function y = U(x) is differentiable and invertible for all
values within the domain of x, then for corresponding values of y, the probability
density of Y = U(Y) is given by

f (y) = fx (U−1(y)) ·
∣∣∣ ∂∂y

U−1(y)
∣∣∣

Consider a bivariate random variable X with states x =

[
x1

x2

]
and probability density

function f (x) = 1
2π

exp(− 1
2

xT x). If A is a transformation matrix defined as

A =

[
a b
c d

]
, what is the probability density function of y = Ax?

x = A−1y = 1
ad−bc

[
d −b
−c a

]
y, f (x) = f (A−1y) = 1

2π
exp(− 1

2
yT A−T Ay)

∂
∂y

A−1y = A−T ,
∣∣∣ ∂∂y

A−1y
∣∣∣ =

∣∣A−T
∣∣ = 1

|A| = 1
ad−bc

f (y) = 1
2π

exp(− 1
2

yT A−T Ay) · 1
ad−bc
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Let two resistors, having independent resistances, X1 and X2, uniformly distributed
between 9 and 11 ohms, be placed in parallel. Find the probability density function of
resistance Y1 of the parallel combination.

x =

[
x1

x2

]
y1 = x1x2

x1+x2
, y2 = x2 y =

[
y1

y2

]
=

[ x1x2
x1+x2

x2

]

y = U(x), U−1(y) =

[ y1y2
y2−y1

y2

]
, ∂
∂y

U−1(y) =

[
y2

2
(y2−y1)2

−y2
1

(y2−y1)2

0 1

]
∣∣∣ ∂∂y

U−1(y)
∣∣∣ =

y2
2

(y2−y1)2

9 ≤ x2 ≤ 11 −→ 9 ≤ y2 ≤ 11, 9 ≤ x1 ≤ 11 −→ 9·9
9+9

= 9
2
≤ y1 ≤ 11·11

11+11
= 11

2

fY (y) =

{
1
2
· 1

2
· y2

2
(y2−y1)2

9
2
≤ y1 ≤ 11

2
, 9 ≤ y2 ≤ 11

0 otherwise
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Determine the pdf of Y = X1 + X2 where X1 and X2 are independent random
variables.

x =

[
x1

x2

]
y1 = x1 + x2, y2 = x2 y =

[
y1

y2

]
=

[
1 1
0 1

] [
x1

x2

]
= Ax

y = U(x), U−1(y) =

[
1 −1
0 1

] [
y1

y2

]
,

∣∣∣ ∂∂y
U−1(y)

∣∣∣ =

[
1 −1
0 1

]
= A−1

fY(y) = fX(A−1y)

∣∣∣∣ ∂∂y
U−1(y)

∣∣∣∣ = fX(y1− y2, y2) · 1 = fX1
(y2− y1)fX2

(y2)

fY(y) = fX(y1, y2) = fX1
(y1− y2)fX2

(y2)

fY1
(y1) = fY (y) =

∫
fX(y1− y2, y2)dy2 =

∫
fX1

(y2 − y1) · fX2
(y2)dy2
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Random Processes

x [n] = A cos[ω0n]

. . . , x [−2], x [−1], x [0], x [1], x [2], . . .

fx[n](α) = Pr{x [n] ≤ α}, fx[n](α) = d
dαFx[n](α)

mx [n] = E
{
x [n]

}
σ2

x (n) = E
{
|x [n]−mx (n)|2

}
Crosscovariance between
x [n] and y [n]:
cxy(k,l) =

E
{
x [k]y [l ]∗

}
− E{x(k)}E{y [l ]∗}

Crosscorrelation between
x [n] and y [n]:

rxy(k,l) = E
{
x [k]y [l ]∗

}
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The Harmonic Process

x [n] = A sin[nω0 + φ], fΦ(φ) =


1

2π |φ| ≤ π

0 otherwise

mx [n] = 0 and rx (k , l) = |A|2
2 cos((k − l)ω)

The autocorrelation matrix of a random vector x is
E{xxH}.

and its autocovariance matrix is

E{(x− E{x})(x− E{x})H} = E{xxH} − E{x}E{x}H .
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Multivariate Gaussian Distribution
N (x|µ,Σ) = 1

(2π)D/2|Σ|1/2 e
− 1

2
(x−µ)T Σ−1(x−µ)

Geometry of Multivariate Gaussian

x1

x2

y1

y2

µ

u1
u2 ∆2 = (x− µ)T Σ−1(x− µ)

Σ−1 =
D∑

i=1

1
λi

ui u
T
i

yi = uT
i (x− µ)

∆2 =
D∑

i=1

y2
i
λi

Show that E{x} = µ for a Multivariate Gaussian.

E{x} =
∫

1
(2π)D/2|Σ|1/2 e−

1
2

(x−µ)T Σ−1(x−µ)xdx =
∫

1
(2π)D/2|Σ|1/2 e−

1
2

zT Σ−1z(z + µ)dz

=
∫

1
(2π)D/2|Σ|1/2 e−

1
2

zT Σ−1zzdz + µ
∫

1
(2π)D/2|Σ|1/2 e−

1
2

zT Σ−1zdz = 0 + µ · 1 = µ
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Show that Var{x} = Σ for a Multivariate Gaussian.

Σ =
D∑

i=1
λi ui u

T
i , x− µ = Uy =

D∑
i=1

ui yi
∂xi
∂yj

= Jij = Uji , |J| = |UT | since UT = U−1

UT U = I and |UT U| = |UT ||U| = |UT ||UT | = 1, |J| = 1

dxi = | ∂xi
∂yj
|dyj or dx = |J|dy = dy

and remembering that for y = g(x) f (y) = fx (g−1(y)) ·
∣∣∣ ∂∂y

g−1(y)
∣∣∣

E{(x− µ)(x− µ)T } =

∫
1

(2π)D/2|Σ|1/2
e−

1
2

(x−µ)T Σ−1(x−µ)(x− µ)(x− µ)T dx

= 1

(2π)D/2
D∏

p=1
λ

1/2
p

∫ ∑
i,j

ui yi yj u
T
j e
− 1

2

D∑
k=1

y2
k
λk dy

= 1

(2π)D/2
D∏

p=1
λ

1/2
p

[
u1uT

1

∫
y2

1 e
− 1

2

y2
1
λ1 dy1

∫
e
− 1

2

y2
2
λ2 dy2 . . .

]
+

[
u2uT

2

∫
e
− 1

2

y1
1
λ1 dy1

∫
y2

2 e
y2
2
λ2 dy2 . . .

]
+ · · ·+[

uD uT
D

∫
e
− 1

2

y1
1
λ1 dy1 . . .

∫
y2

D e
− 1

2

y2
D
λD dyD

]
= u1uT

1 λ1 + u2uT
2 λ2 + · · · =

D∑
i=1
λi ui uT

i = Σ
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Maximum Likelihood Estimation

p(x) =
1

(2π)D/2

1

|Σ|1/2
exp

{
− 1

2
(x− µ)T Σ−1(x− µ)

}
dx

log-likelihood of a multivariate Gaussian distribution
log p(x|µ,Σ) = −D

2 log(2π)− 1
2 |Σ| −

1
2 (x− µ)T Σ−1(x− µ)

∂ log p(x)

∂x
= −1

2

∂

∂x
[−µT Σ−1x+xT Σ−1x−xT Σ−1µ] = 0→ x = µ
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Maximum Likelihood Estimation
Given i.i.d. data X = (x1, x2, . . . , xN)T the log-likelihood function
is given by

ln p(X|µ,Σ) = −ND

2
ln(2π)−N

2
ln |Σ|− 1

2

N∑
n=1

(xn−µ)T Σ−1(xn−µ)

∂

∂µ
ln p(X|µ,Σ) =

N∑
n=1

Σ−1(x− µ) = 0→ µml =
1

N

N∑
n=1

xn

∂

∂Σ
ln p(X|µ,Σ) = 0 = −N

2
Σ−T +

1

2

N∑
n=1

Σ−T (xn−µ)xn−µ)T Σ−T

Σ = 1
N

N∑
n=1

(xn − µ)(xn − µ)T
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Conditional Gaussian Distributions
Assume x is a D dimensional vector with Gaussian distribution
p(x) = N (x|µ,Σ) and that we partition x into two disjoint subsets
x = [xa xb]T with mean and covariance matrix

µ =

[
µa

µb

]
, Σ =

[
Σaa Σab

Σba Σbb

]
= Λ−1

where Λ =

[
Λaa Λab

Λba Λbb

]
is the precision matrix.

Determine the conditional density p(xa|xb) = p(xa, xb)p(xb) in terms of µ and Λ.

− 1
2

(x− µ)T Λ(x− µ) = − 1
2

(xa − µa)T Λaa(xa − µa)− 1
2

(xa − µa)T Λab(xb − µb)

− 1
2

(xb − µb)T Λba(xa − µa)− 1
2

(xb − µb)T Λbb(xb − µb)

= − 1
2

xT
a Λaaxa + xT

a Λaaµa +xT
a Λab(xb − µb) + const

If we assume that p(xa|xb) = N (xa|µa|b,Σa|b) then

− 1
2

(xa − µa|b)T Σ−1
a|b(xa − µa|b) = − 1

2
xT

a Σ−1
a|bxa + xT

a Σ−1
a|bµa|b + const

equating the quadratic and linear terms of xa:
Σ−1

a|b = Λaa

Λaaµa|b = Σ−1
a|bµa − Λab(xb − µb).
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Σ−1 =

[
Σaa Σab

Σba Σbb

]−1

=

[
Λaa Λab

Λba Λbb

]
Using Schur’s Complement(

A B
C D

)−1

=

(
M −MBD−1

−D−1CM D−1 + D−1CMBD−1

)
where M = (A− BD−1C)−1

Λaa = (Σaa − ΣabΣ−1
bb Σba)−1 and Λab = −(Σaa − ΣabΣ−1

bb Σba)−1ΣabΣ−1
bb

µa|b = Λ−1
aa Σ−1

a|bµa + Λ−1
aa Λab(xb − µb) = µa − ΣabΣ−1

bb (xb − µb)

Σa|b = Λ−1
aa = Σaa − ΣabΣ−1

bb Σba

Gaussian conditional distribution p(xa|xb) = N (xa|Axb + b,L−1),
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The Marginal Distribution of Multivariate Gaussian Distributions

p(xa) =

∫
p(xa, xb)dxb : obtained by integrating terms with xb.

Determine the marginal distribution p(xa).

Exponential part of p(xa, xb);

− 1
2

(xa − µa)T Λaa(xa − µa)− 1
2

(xa − µa)T Λab(xb − µb)− 1
2

(xb − µb)T Λba(xa − µa)

− 1
2

(xb − µb)T Λbb(xb − µb)

Collect quadratic and linear terms in xb;

− 1
2

xT
b Λbbxb −xT

b Λba(xa − µa) +xT
b Λbbµb = − 1

2
xT

b Λbbxb +xT
b (Λbbµb − Λba(xa − µa)︸ ︷︷ ︸

m

)

Add and subtract ( 1
2

mT Λ−1
bb )Λbb(Λ−1

bb m) to make it a full Gaussian;

− 1
2

(xb − Λ−1
bb m)T Λbb(xb − Λ−1

bb m) + 1
2

mT Λ−1
bb m

Integrate the above full Gaussian term which is a function of xb;∫
exp{−

1

2
(xb − Λ−1

bb m)T Λbb(xb − Λ−1
bb m)}dxb = (2π)Db/2|Λbb|−1/2

where Db is the dimension of xb
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− 1
2

(xa − µa)T Λaa(xa − µa)− 1
2

(xa − µa)T Λab(xb − µb)− 1
2

(xb − µb)T Λba(xa − µa)

− 1
2

(xb − µb)T Λbb(xb − µb)

Collect the remaining quadratic and linear terms of xa from above and those from
1
2

mT Λ−1
bb m = (Λbbµb − Λba(xa − µa))T Λ−1

bb (Λbbµb − Λba(xa − µa)

− 1
2

(xa − µa)T Λaa(xa − µa) +(xa − µa)T Λabµb

+ 1
2

(Λbbµb − Λba(xa − µa))T Λ−1
bb (Λbbµb − Λba(xa − µa))

Quaratic Terms : − 1
2

xT
a Λaaxa + 1

2
xT

a ΛT
baΛ−1

bb Λbaxa

xT
a (.)xa : xT

a (Λaa − ΛabΛ−1
bb Λba)xa

Linear Terms : +xT
a (Λaaµa + Λabµb) + 2

2

[
−xT

a ΛT
baΛ−1

bb [Λbbµb + Λbaµa]
]

= xT
a

[
Λaaµa + Λabµb − ΛT

baΛ−1
bb Λbbµb − ΛT

baΛ−1
bb Λbaµa

]
= xT

a

[
Λaa − ΛabΛ−1

bb Λba

]
µa

xT
a (.) : xT

a

(
Λaa − ΛabΛ−1

bb Λba

)
µa

(.) = Σ−1
a µa = [Λaa − ΛbaΛ−1

bb Λab]µa or Σa = [Λaa − ΛbaΛ−1
bb Λab]−1
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Bayes’ theorem for Gaussian variables

Given a Gaussian marginal distribution p(x) = N (x|µ,Λ−1) and a Gaussian
conditional distribution p(y |x) = N (y|Ax + b, L−1), the joint distribution of x and y is
p(z) where z = (x y)T .

Determine p(z|µz,Rz) where z = (x y)T .

ln p(z) = ln p(x) + ln p(y |x) = − 1
2

(x− µ)T Λ(x− µ) +− 1
2

(y−Ax− b)T L(y−Ax− b)

Quadratic terms of z : − 1
2

zT Rzz

Quadratic terms of x : − 1
2

(Λ + AT LA) Quadratic terms of y : − 1
2

L

Cross terms of x and y : 1
2

AT L Cross terms of y and x : 1
2

LA

− 1
2

[
x
y

]T [
Λ + AT LA −AT L
−LA L

] [
x
y

]
= − 1

2
zT Rzz

Using Schur’s inversion formula, Rz
−1 = Cov{z} =

[
Λ−1 Λ−1AT

AΛ−1 L−1 + AΛ−1AT

]
Linear terms of x : (Λµ− AT Lb) Linear terms of y : Lb

Linear terms of z : zRzµz =

[
x
y

]T [
(Λµ− AT Lb)

Lb

]
→

µz = Rz
−1

[
(Λµ− AT Lb)

Lb

]
=

[
Λ−1 Λ−1AT

AΛ−1 L−1 + AΛ−1AT

] [
(Λµ− AT Lb)

Lb

]
µz =

[
µ

Aµ+ b

]
=

[
E{x}
E{y}

]
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