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Mathematically, a random variable X is a real-valued function on
the space of outcomes which maps a probabilistic event to a real

number:
X:Q—TR (1)

A discrete random variable X has finitely or countably many values
xi, i =1,2,... and p(x;) = P(X = x;) with i = 1,2, ... is called
the probability mass function (pmf) of X.

Flipping a coin experiment

A real valued variable X is defined as
= If the flip is heads then w3 = {H} — X =1
m If the flip is tails then wp = {T} — X = —1
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An urn contains 20 balls numbered 1,...,20. Select 5 balls at random, without
replacement. Let X be the largest number among selected balls. Determine its pmf
and the probability that at least one of the selected numbers is 15 or more.

. i-1 20
wer=()/(¥)
P(at least one of the selected numbers is > 15 )

=== (5)/(%)

An urn contains 11 balls, 3 white, 3 red, and 5 blue balls. Take out 3 balls at random,
without replacement. You win $1 for each red ball you select and lose a $1 for each
white ball you select. Determine the pmf of X, the amount you win.
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Expected value, also called expectation, average, or mean, of X is
E{X} =>_xiP(X = x) = >_ xip(xi)
1 1
For any function, g : R — R,

E{g(X)} = X g(x)P(X = x)

Variance, o2 of X is
o2 = E{[X = E{X}]z} — E{X?} — E{X}?

Rolling a dice N times
E{X} = 1.n1+2-n2+3-n3l\1’t4n4+5~n5+6~n6 —1. "ﬁ +2. "T\% 446 nﬁ

For very large N, & = 2 ... = o =

=
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P(X € B) = [ f(x)dx

B
The function f = fx is called the density of X.

The function F = Fx given by
F(x)=P(X <x) = f f(s

is called the distribution function of X.

On an open interval where f is continuous,
F'(x) = f(x).

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

PROBABILITY & MULTIVARIATE RANDOM PROCESSES



By analogy with discrete random variables, we define,
o

E{X} = [ xf(x)dx,

E(g(X)} = | g()f(x)ox

and variance is computed by the same formula:
Var(X) = E{X?} — (E{X})?.

F(x) = ox 0<x <4,
- 0 otherwise.

=)

— oo

2 212
P(1<X<2):f%xdx:){7’1——41_1:1%
1
41 2 B4 _ 64 _ 8 2 t13 A4 256 64 _ 8
(c)E{X}:g‘gxdx:2—|0:ﬁ:§,E{X}zggxdx:3—20:3—2:8,Var{X}:8—j:§
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3x2 if x € [0,1],

0 otherwise.

Compute the density fy of Y =1 — X*.

x € [0,1] and y € [0, 1].

Fr(y)=P(Y <y) = P(L-X* <y) = P(1 -y < X*) = P((1 - )* < X)
] 1y (-

=1-PX<(1-y)*)=1- Of 3X2dX=1*X30

fr(y) = &Fy(y) = 2(1— )77 fory € [0,1] and £(Y) = 0, otherwise.

Assume that X has density f(x) = {

=1-(1-y)F

Assume that X is uniform on [0,1]. What is the probability that the binary expansion
of X starts with 0.0107
Smallest X = 0.010 =

Pi<x<3)=3-

and largest X = 0.011 = %,

1
4
1
4

o= Q.

Let X be a continuous random variable with probability density function on 0 < x <1,
f(x) = 3x? What is the pdf of Y = X2.

VY
P(Y<y)=P(X2<y)=P(X < y) = [ 3t2dt =y3 = Fy(y), 0<y <1
0

1
fy(y) = diny(y) = %y2 for0 <y <1.
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A uniform random number X divides [0, 1] into two segments. Let R be the ratio of
the smaller versus the larger segment. Compute the density of R.

R_{ £ ifxe0 3],

=
X %

= ifxel},1],
Fr(r)=P(R<r)= P(X<2,1 )+P(X> =X <)
=P(XS%’X<,+1)+P(X>27X>,+1)—P(X<rﬂHP(XZril)
FR(r):ﬁrl—’_ r-}-lzri—rl

f(r) = & Fr(r) = hy

Assume that a lightbulb lasts on average 100 hours. Assuming exponential
distribution, compute the probability that it lasts more than 200 hours and the
probability that it lasts less than 50 hours.

—Ax
Exponential density f(x) = { i~ x 20,

0 x <0
A= 15
200 x_ 200
P(X>200):1—P(X§200):1—Ofﬁe 1oodx:1+e*mo — el
P(X <50) = | L e T | =1 et
= —_ 100 = — 100 — —ez2
(X < 50) 0100e X € o e
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If X is a continuous random variable then the pdf of y = g(X) is

f
fY(Y) = Z lg’ (();/)|
where x1, ..., x¥ are the roots of the equation y = g(x).

Suppose X has a Gaussian distribution with a mean of 0 and variance of 1 and
Y = X2 + 4. Find the pdf of Y.

y =g =x"+4 g‘l(y) = i\/ 4.8'(x) —2X :
— 19 Ly . P O S
)= Zme 2 tume Y s R 1 e

EN

*% (y—4) . % 4<y
otherwise
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Let X be a normal distributed, NV (u, 02) random variable and let Y = aX + 3, with
a > 0. How is Y distributed?

(0 = V() = e A
o8 y=8
Fy(y) = P(Y <y) = PlaX + B < y) = P(X < =E) = [ f(x)dx
- 8
)= SFv(y) =2 f;fx(x)dx:fv(ﬂ)é
fry) = —L e a0 _ £ () = N(ap + 8,0%0%)

1
(2mo2a2)2
If X ~ N(u,0?) then Z = X—;’i is standard normal

X2

Nl

4 =
fz(Z) = \/2—‘”6
and its distribution function, also called as error function is

g 1.2
®(z) = Fz(2) = \/% J e 2 dx
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Flipping two coins experiment :

A real valued variable x(i) with i = 1,2 is defined as
m If the flip is heads then w; = {H} — x(i) =1
m If the flip is tails then wp, = {T} — x(i) = -1

Fr@yx@)(a1, a2) = Pr{x(1) < a1, x(2) < az}

Joint density function

82
fe1)x(2) = m/‘_xu),x(z)(ah )
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Correlation
Iy = E{Xy*}

Covariance
ry = Cov(x,y) = E{[x — my|ly — my]*} = E{xy*} — mxmy
Correlation Coefficient

E{xy*} — mymj,

OxOy

Pxy =

|ny|§ 1
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Assume that you have a pair (X, Y') of discrete random variables
X and Y. Their joint probability mass function is given by
p(x,y) = P(X =x,Y = y) so that

P((X,Y)eA)= > p(xy).
(x,y)EA

The marginal probability mass functions are the pmf's of X and
Y, given by

P(X=X)=ZyZP(X=X,Y=y) Z%Ip(x,y)

P(Y =y) =§P(X=X,Y=y)=§p(x,y)
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An urn has 2 red, 5 white, and 3 green balls. Select 3 balls at random and let X be

the number of red balls and Y the number of white balls. Determine (a) joint pmf of

(X,Y), (b) marginal pmf’s, (c¢) P(X > Y), and (d) P(X =2|X > Y).

x=4{0,1,2} and Y ={0,1,2,3}
2

GO0 ) (st )

(%)

(&

PX=x,Y=y)=

B
y\x 0 1 2 P(Y =y)
0 17120 2-3/120 | 3/120 | 10/120
1 5.3/120 | 2.5.3/120 | 5/120 | 50/120
2 10 - 3/120 10 - 2/120 0 50,/120
3 10/120 0 0 10/120
P(X=x) | 56/120 56/120 8/120 1
P(X > Y) = (1+2.5.3IJ;§-3+5+3) =3
P(X=2,X>Y 35
P(X =2|X > v) = 2G50 = =3
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Two random variables X and Y are independent if
P(X e A Y eB)=P(X € AP(Y € B)

for all intervals A and B. In the discrete case, X and Y are
independent exactly when

PX=x,Y=y)=P(X=x)P(Y =y)

for all possible values x and y of X and Y/, that is, the joint pmf is
the product of the marginal pmf's.
In the previous example, are X and Y independent?

P(X=1,Y=3)=0and P(X =1)P(Y =3) = 3% - 1%

P(X=1,Y =3) # P(X =1)P(Y =3).

Therefore, X and Y are not independent.
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We say that (X, Y) is a jointly continuous pair of random variables
if there exists a joint density f(x,y) > 0 so that

P((X,Y)eS) = gf f(x,y)dxdy,

where S is some nice (say, open or closed) subset of R2.

o o’y ifx?<y<l1,

Floy) = { 0 otherwise

Determine (a) the constant ¢, (b) P(X > Y), (c) P(X =Y), and (d) P(X = 2Y).
1

1
(a) [ [exPydxdy =1, c= 2%,

1 X
(b) PX>Y)= [ [ Zx2ydxdy = 2 <> Area between y = x and y = x2.
x=0 y=x2
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If f is the joint density of (X, Y), then the two marginal densities,
which are the densities of X and Y/, are computed by integrating
out the other variable:

o0

fX(X) = _f f(X7y)dy
fr(y) = ] flxy)ox

Two jointly continuous random variables X and Y are independent
exactly when the joint density is the product of the marginal ones:

fx.y (%) = fx(x)fy (y)

for all x and y.
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Previous example, continued. Compute marginal densities and determine whether X
and Y are independent.

1
fx(x)= [ 24—1x2ydy = %xz(l — x*) for x € [-1,1] and 0 elsewhere.

x2

vy 5
fx(x) = 21 x2ydx = % 2 for y € [0,1] and 0 elsewhere.
—\fy
fx,y(x,y) # fx(x)fy(y), so X and Y are not independent.

Mr. and Mrs. Smith agree to meet “between 5 and 6 p.m.” Assume that they both

arrive there at a random time between 5 and 6 and that their arrivals are independent.

(a) Find the density for the time one of them will have to wait for the other. (b) Mrs.

Smith later tells you she had to wait; given this information, compute the probability

that Mr. Smith arrived before 5 : 30.

Let X and Y be the time when when Mr. and Mrs. Smith arrives, respectively;

(a) Let T =|X — Y|, which has possible values in [0, 1] hour.

P(T<)=P(X-Y|<t)=P(—t<X-Y<t)
=PX—-t<Y<X+t)=1—(1-t)?=2t—t%

(X<0.5,X>Y H
(b) P(X <05|X > y) = EXZ255eT) ):iz%'
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Assume that you are waiting for two phone calls, from Alice and from Bob. The
waiting time T for Alices call has expectation 10 minutes and the waiting time T, for
Bob's call has expectation 40 minutes. Assume T7 and T, are independent
exponential random variables. What is the probability that Alice's call will come first?
Assuming a time unit of 10 minutes

le =e 1, le = %e_t2/4

fri,r2 = fry(t1) - fr,(t2) = Fe~1 =%/

oo
P(Alice's call first) = P(Ta > T1) = [ [ %e‘tl_t2/4dt1dt2 = %

ty

The conditional pmf of X given Y = y is, in the discrete case, given simply by

P(X=x,Y=
px(xY = y) = P(X = x|Y = y) = PGt
For a jointly continuous pair of random variables X and Y , the conditional density of
X given Y =y is
fx,v (%, ¥)

fx(x|Y =y) = A (y)

where fx y(x,y) is the joint density of (X, Y).
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21,2 2
Suppose (X, Y) has joint density f(x,y) = { 04 XY Zthfni//isge L

Compute fx(x|Y = y).

VY

f P 5
x(x|Y =y) = 7)(;,:((”}/), fv(y)= [ —241x2ydx = %yZ
=y

Xy

R
o

fx(x|Y =y) = = 3x%y

NI~
NS

y

University Institute of Biomedical Engineer
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Let f(x) be the value of the probability density of the multivariate continuous random
variable X. If the vector-valued function y = U(x) is differentiable and invertible for all
values within the domain of x, then for corresponding values of y, the probability
density of Y = U(Y) is given by

f(y) = £(U) | 2 U7 )]

X; :| and probability density

Consider a bivariate random variable X with states x = |: »
function f(x) = ﬁ exp(—%xTx). If A is a transformation matrix defined as

A= [ j Z ] what is the probability density function of y = Ax?

_ d —b
x=Ay= gt | 0 |y ) = f(ATy) = & e 3yTATAY)
A~ 1y—»‘\T aAIY‘—|AT|=T=ﬁ
f(Y) = exp(—3y TATTAY) - A
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Let two resistors, having independent resistances, X; and X3, uniformly distributed
between 9 and 11 ohms, be placed in parallel. Find the probability density function of
resistance Yj of the parallel combination.

Xt v e
= = X1x2 = = | xtx
LSS D A

L Y1y2 5 . y3 2
= U(x), U~ =| 2= [, Ly- = 52 ey )2
y (x) (y) [ v } By (y) (v2 On) (2 1y1)

BU7)| =

9<% <11 —9<y <1, 9<x <11l — 22 =2<y <l 1

s<n<i 9<yp<u

otherwise

1.1, _ v _
fy(y)=4q 2 2 ((]yz—n)z
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Determine the pdf of Y = X; + X5 where X3 and X3 are independent random

variables.

| x _ _ N 7 R I S X1 | _

X*[Xz Yi=X1+ X2, yo =X yf[yz]f[o 1}[)(2}7/“
_ 1 -1 _ 1 -1 _

y=u. um=| o 1| 2] [Gurel=] T]-a

_ a9
fr(y) = (A1) ‘B—yu 1(y)‘ — (1= y2,y2) - 1= i (v2 — Y1) (v2)

fe(y) = fx(y1, y2) = fx, (y1 — y2)fx, (v2)

fru(n1) = fr(y) = / fx(yl—y2,y2)dy, = /fxl (y2 = y1) - fx, (y2)dy2
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Random Processes

Sample Space Q
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The Harmonic Process

= |¢| <7

x[n] = Asin[nwg + ¢], fo(d) =
0 otherwise

my[n] =0 and rc(k, /) = # cos((k — w)
The autocorrelation matrix of a random vector x is

E{xx"}.
and its autocovariance matrix is

E{(x — E{x})(x - E{(x})"} = E{c} — E{x} E{x}"".
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N(XW, Y)= We—%(X—u)Tz—l(x—u)

Geometry of Multivariate Gaussian

u
e uy A% = (x—p)TZ (x —p)
Y '%/w n
L =3 fuu/
i=1""
yi=u/(x— p)
2 f: y?
N = L
X1 i=1 Ai

Show that E{x} = u for a Multivariate Gaussian.

1 1) Ty 1(x— 1 _1,Ty-1

E{x} = IWG 2(x ) (x N)de = fi(zﬂ)o/qz‘l/ze 2% Z(Z—‘r,LL)dZ
1 _1,Ty-1 1 _1,Ty-1

= GprEee ¥ 2zt u] Goppgppe T fdz=0+tp1=yp
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Show that Var{x} = X for a l\/IuItivariate Gaussian.

Y= Z)\uu X— = Uy—Zu,y, gy- =J;=Uj;, [ =[U7|since UT = U1
i=1

UTU—land [UTU| = UT||U| = |UT||UT|—1 Hl=1

dx; = | |dyj or dx = |J|dy = dy

and remembering that for y = g(x) f(y) = fi(g~(y)) - a%g_l(y)‘

E{(x—m)(x—p)"} = /W e~ 26 ET) () (x — 1) Tl

_1
2

= 1/2 /Zu’y’yl <

(277 )b/2 1‘[ Ap

2
L R 1
= ———75— |uu] [ yje 2%1dy; [ e 2r2dy>...

Q.
<
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P00 = =y i @0 { — 56— ) (x— )

log-likelihood of a multivariate Gaussian distribution
log p(x{j1, T) = —2 log(2r) — |Z| — 3(x — 1) TE2(x — 1)

dlogp(x) 10

I 5&[—MTZ_lx—FxTZ_lx—xTZ_lu] =0—-x=p
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Given i.i.d. data X = (x,%2,...,xy)" the log-likelihood function
is given by

N
ND N 1 .
Inp(X|p, T) = === In(@r) =5 I [Z] =5 > (xn—p)"Z " (xn—p1)

n=1
0 N 1
gy " P(Xle 1) = 2271()( — 1) =0 = i = 15 D> Xn
n=1

9 = N Ts—T
5y MP(X|p,X)=0= -2~ T Z): —p)Xq— )" X

_lN _ _N\T
=5 2 (xa—p)(xn — p)
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Assume x is a D dimensional vector with Gaussian distribution
p(x) = N(x|u, X) and that we partition x into two disjoint subsets
x = [xa xp] " with mean and covariance matrix

Ha 2.0 2ap —1
— , Z = == /\
e [ Hb ] [ Ypa Tbb ]

where A = [ Naa Nab ] is the precision matrix.
Nba Npp

Determine the conditional density p(xa|xp) = p(Xa, Xp)p(Xp) in terms of p and A.
—%(X — p)TA(X = /.L) = —%(Xa - Na)TAaa(xa - Ha) - %(xa - ﬂa)T/\ab(xb = :U'b)
—3(xb — 116) T Aba(%a — pa) — 3 (x6 — pi6) T Avp (X6 — ip)

= _%x;—/\aaxa = X;—Aaaﬂa +x;;r/\ab(xb - Nb) + const

If we assume that p(xa|xp) = N (Xaltta|p; Zajp) then

1 -1 1 —1 —1
_§(x3 - /"a|b)TZa|b(x8 = Na\b) — _ix;’-za‘bxfa + xzza|bua\b + const
equating the quadratic and linear terms of x,:
Z;; = Naa

Naafralp = Z;},Ma — Nap(Xp — f1b)-
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—1
Z_l _ Zaa zab _ Aaa Aab
Ypa Lpp Apa  App

Using Schur’s Complement

(A B>1_< M ~MBD ! )
CD ~\ -D'CM D !+D!cMBD!
where M = (A —BD1C)!
Moz = (Taa — TapTpy Tha) "t and Asp = —(Taa — v Ty Tha) 1 Tap Ty
Halb = /\;lz‘.]tl,ﬂa + A Nab(Xb — tib) = f1a — TabTpp (X6 — fib)
Yo =N = Tas — TaT o) Tha

Gaussian conditional distribution p(xa|xp) = N (xs|Axp + b, L),
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p(xs) = /p(xa,xb)dxb . obtained by integrating terms with xy.

Determine the marginal distribution p(xa).

Exponential part of p(xa,Xp);

_%(Xa — pa) " Naa(xa — pa) — %(xa — pa) TAab (X6 — p6) — %(Xb — 116) T Apa(Xa — p1a)
—3(xb — 16) Ao (% — 11)

Collect quadratic and linear terms in xp;

—2xI AopXp —x] Apa(Xa — pa) +x] Apppts = — 3x] Nopx +x] (Apbiin — Apa(xa — pa))

m
Add and subtract (%mT/\l;l)/\bb(/\l;lm) to make it a full Gaussian;

—%(Xb — /\;blm)T/\bb(Xb — /\;blm) aF %mT/\;blm

Integrate the above full Gaussian term which is a function of xp;
1 _ _ _
exp{ =5 (X6 = Ay M) Awp (6 — Ayy'm) i = (2m) /2| Aps| 1/

where Dy, is the dimension of xy
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—%(Xa = #a)T/\aa(Xa — Ma) — %(Xa = #a)T/\ab(Xb — [b) — %(Xb = #b)T/\ba(Xa — fta)
— 3 (xb — 16) T Mo (X — 11)

Collect the remaining quadratic and linear terms of x, from above and those from
ImTAL M = (Apppts — Nba(xa — 112)) T Ay (Assits — Aba(Xa — t12)

—3(%a — t1a) TAsa(Xa — pa) +(xa — p1a) " Aapits
+ 3 (Moot — Aba(xa — 112)) T AL (Abbits — Aba(Xa — 1))

Quaratic Terms : —%x!/\aaxa +%XIALA;b1Abaxa

xI()xa : xI (Naa — /\ab/\;bl/\ba)xa

Linear T :+xT (A A 21 _xTATAZLIA A
inear Terms : +x, (Aaapta + Nabiin) +5 [ =Xa ApaNpp [Abbres + Apapa]

= xT [Aaatta + Aabtts — NLAGH Aswtts — AL A Asatta]

- x;l' [Aaa - Aab/\l;ll\ba] Ha

XZ—(') : X::Jr (Aaa — Aab/\;bl/\ba) Ha
() = T3 pa = [Aaa — AoalNpy Aablita of Lo = [Aaa — Apalpy Aap] 1
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Given a Gaussian marginal distribution p(x) = N (x|u, A=1) and a Gaussian
conditional distribution p(y|x) = A/(y|Ax + b, L=1), the joint distribution of x and y is
p(z) where z = (xy) .

Determine p(z|pz, R;) where z = (xy)7.
Inp(z) = Inp(x) +Inp(y|x) = =3 (x — u) "A(x = 1) + =3 (y — Ax—b)"L(y — Ax — b)
Quadratic terms of z : —%ZTRZZ

Quadratic terms of x : —%(/\ + ATLA) Quadratic terms of y : —%L
Cross terms of x and y : %ATL Cross terms of y and x : %LA
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Using Schur’s inversion formula, R;7* = Cov{z} = AA-1 L1 AA-1AT :|
Linear terms of x : (Au — ATLb) Linear terms of y : Lb
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Linear terms of z : zR,p, = [ . } [ Lb —

_r-t| (M- ATLb) ] [ ATl A—IAT (A — ATLb)
fla =52 Lb T AATT Ll pAACIAT Lb

“Z:[Aﬂb ] :[ Eg”

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

PROBABILITY & MULTIVARIATE RANDOM PROCESSES



