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Discrete Random Variables

A random variable is a number whose value depends upon the

outcome of a random experiment.

Mathematically, a random variable X is a real-valued function on
the space of outcomes which maps a probabilistic event to a real
number:

X:Q—TR (1)
A discrete random variable X has finitely or countably many values
xi, i =1,2,... and p(x;) = P(X = x;) with i =1,2,... is called
the probability mass function (pmf) of X.

Flipping a coin experiment

A real valued variable X is defined as
m If the flip is heads then w; = {H} — X =1
m If the flip is tails then wp = {T} — X = -1
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An urn contains 20 balls numbered 1,...,20. Select 5 balls at random, without
replacement. Let X be the largest number among selected balls. Determine its pmf
and the probability that at least one of the selected numbers is 15 or more.

; i-1 20
wer=()/(3)
P(at least one of the selected numbers is > 15 )

=== (5)/(F)

An urn contains 11 balls, 3 white, 3 red, and 5 blue balls. Take out 3 balls at random,

without replacement. You win $1 for each red ball you select and lose a $1 for each
white ball you select. Determine the pmf of X, the amount you win.
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P(X = —2) = P(X =2) = K

W NWw

P(X=-1)=P(X=1)= K

e [(2):(2)-(2)+(2)]/(3
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Assume that X is a discrete random variable with possible values
X;,I':1,2....

Expected value, also called expectation, average, or mean, of X is
E{X} =2 xiP(X = x) =>_xip(xi)

For any function, g : R — ’IR, I
E{g(X)} =2 e(x)P(X = xi)

Variance, o2 of X is I
o? = E{[X — E{X}]?} = E{x?} - E{X}

Rolling a dice N times

1-n;+2-n43-n3+4n4+5-n5+6-
E{X} = Lmt2mt3mintoneton — 1. M 4.2 ... 46

n _ m
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N N N
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2

For very large N,

=
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Continuous Random Variables

A random variable X is continuous if there exists a nonnegative

function f so that, for every interval B,

P(X € B) = [ f(x)dx

B
The function f = fx is called the density of X.

The function F = Fx given by
F(x) = P(X < x) f f(s

is called the distribution function of X.
On an open interval where f is continuous,

F'(x) = f(x).
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Expected Value

By analogy with discrete random variables, we define,

E{X}= T xf(x)dx,

E{e(X)} = | g(x)f(x)dx
and variance is computed by the same formula:

Var(X) = E{X2} — (E{X})2.

f(x):{gx 0<x_<4,

otherwise.

(a) Determine c. (b) Compute P(1 < X < 2). (c) Determine E{X} and Var{X}.

2|4
(a) f dx—l—fcxdx_c%|0:c%—>c:%(b)
21 X212 _4-1 _ 3
P(lSXSZ):lfgxdx:TGh:l—:l—ﬁ
4 34 4 414
(c)E{X}:OéxQdX:’2‘—4|0:%=%,E{X2}:0f%x3dx:§—20:256—8 Var{x} —8— &% — &
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3x2  if x €0,1],

(0] otherwise.

Compute the density fy of Y =1 — X%,

x €[0,1] and y € [0,1].

Fy(y) = P(Y <y)=PL—-X*<y) = P(1—y < X*) = P((1 - )¢ < X)

1 1
(1=y)* 1-y)4
:1—P(XS(1—y)%):1— S 3x2dx:1—x3(() )
0

Assume that X has density f(x) = {

=1-(1-y)i

fy(y) = diny(y) =3(1 —y)_% for y € [0,1] and £,(Y) = 0, otherwise.

Assume that X is uniform on [0,1]. What is the probability that the binary expansion
of X starts with 0.0107

Smallest X = 0.010 =

PG<Xx<3)=3-

and largest X = 0.011 = %,
_1

1
4
1
1= 8

Let X be a continuous random variable with probability density function on 0 < x <1,
f(x) = 3x? What is the pdf of Y = X2.

VY
P(Y<y)=P(X3<y)=P(X < y) = [ 3dt=y3 = Fy(y),0<y <1
0

1
fr(y) = 4 Fv(y) =3y2 for 0<y < 1.
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A uniform random number X divides [0, 1] into two segments. Let R be the ratio of
the smaller versus the larger segment. Compute the density of R.

. 1

e | T3 frcldl

== :fxe[E,l]
Fr()=P(R<r)=P(X<3 Z<nN+PX>51X5<n

=P(X<iXx<- 1)+;D(x>2,x>ri1):/>(xgrfl)JrP(xz?ll)
_ 2

Fr(r) dr+1+1 r+1_rTrl

f(r)= dr Fr(r) = (,+1)2

Assume that a lightbulb lasts on average 100 hours. Assuming exponential

distribution, compute the probability that it lasts more than 200 hours and the
probability that it lasts less than 50 hours.

de™ M x>0,

Exponential density f(x) = {

0 x <0

1

A= 150
200 « 1200
P(X>200):17P(X§200)=17Ofﬁe modx=1+e—m0 =1+e?-1
P(X <50) = | L e thd 0| =1_ e
= — 100 = — 100 = — e2
(X < 50) {moe b e . e
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Theorem
If X is a continuous random variable then the pdf of y = g(X)

fy(y) = Z |g((>;)|

where x1, ..., x¥ are the roots of the equation y = g(x).

Il
=

Suppose X has a Gaussian distribution with a mean of 0 and variance of 1 and

Y = X2 + 4. Find the pdf of Y.
y=g(x)=x 14 g ) =y =4 g = 2X

3(r—4) . 1 —30y—4) . _1

5(y—4 1 1
fY(}/) \/ﬁ 2(y ).2\/yT4+\/ﬂe 2\/7 F =

L —3lv—4) ., _1
Aly)={ vam© s sy
0 otherwise
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Let X be a normal distributed
a > 0. How is Y distributed?

() = N(0?) = —L e 220
(2mo2)2
y—n
Fy(y)=P(Y<y)=PlaX+B<y)=P(X <L) = [ f(x)dx
fr(y) = H@)%;f&nw=ww¥&
Frly) = —L e w2z =B _ g (y) = N(ap+ B, 0%7)

1
(2mo2a?)2

Standard Normal Distribution

If X ~ N (u,02) then Z = =K is standard normal

1
fz(z) = =e" 2%
and its distribution function, also called as error function is

(2) = Fz(2) = ~5ax

z
1
v
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Jointly Distributed Random Variables

Flipping two coins experiment :

A real valued variable x(i) with i = 1,2 is defined as
m If the flip is heads then w; = {H} — x(i) =1
m If the flip is tails then wp = {T} — x(i) = -1

Joint distribution function

Fuuyx@) (a1, az) = Pr{x(1) < a1,x(2) < az}

Joint density function

32
fe)x(2) = Bonda, Fy1)x(2)(a1, a2)
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Joint Moments

Correlation

Iy = E{Xy*}
Covariance
ry = Cov(x,y) = E{[x — my]ly — my]*} = E{xy*} — mxmy
Correlation Coefficient

E{xy*} — mymj,

Ox0Oy

Pxy =

|pw|§1
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Joint Distributions and Independence

Discrete Case

Assume that you have a pair (X, Y) of discrete random variables
X and Y. Their joint probability mass function is given by
p(x,y) = P(X =x,Y = y) so that

P(X,Y)eA) = > p(x,y).
(x,y)€EA

The marginal probability mass functions are the pmf's of X and
Y, given by

P(XZX)=§P(X=x,Y=y) =§p(xay)

P(X=x) =2 P(X=xY =y) =2 p(x,y)
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An urn has 2 red, 5 white, and 3 green balls. Select 3 balls at random and let X be
the number of red balls and Y the number of white balls. Determine (a) joint pmf of
(X, Y), (b) marginal pmf’s, (c) P(X > Y), and (d) P(X =2|X > Y).

x=4{0,1,2} and Y = {0,1,2,3}
2 5

GO0 ) (o6 )

PX=x,Y =y)=

10
3
y\x 0 1 2 P(Y =y)
0 1/120 2 -3/120 3/120 10/120
1 5.3/120 | 2-5-3/120 | 5/120 | 50/120
2 10 - 3/120 10 - 2/120 0 50/120
3 10/120 0 0 10/120
P(X =x) | 56/120 56,120 /120 1
P(X > Y) _ (1+2-5-31-;§-3+5+3) _ %
P(X=2,X>Y 35
P(X =2X > v) = 222N = a
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Independence

Two random variables X and Y are independent if
P(Xe A Y eB)=P(X € AP(Y € B)

for all intervals A and B. In the discrete case, X and Y are
independent exactly when

PX=x,Y=y)=P(X=x)P(Y =y)

for all possible values x and y of X and Y, that is, the joint pmf is
the product of the marginal pmf’s.

In the previous example, are X and Y independent?
P(X=1,Y=3)=0and P(X =1)P(Y =3) = & . 1
P(X=1,Y=3)#P(X=1)P(Y =3).

Therefore, X and Y are not independent.
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Continuous Case

We say that (X, Y) is a jointly continuous pair of random variables
if there exists a joint density f(x,y) > 0 so that

P((X,Y) € S) = [[ f(x,y)dxdy,
S
where S is some nice (say, open or closed) subset of R2.

2 i 2
_ cxcy ifxc <y <1,
M0 = { 0 otherwise

Determine (a) the constant ¢, (b) P(X > Y), (c) P(X =Y), and (d) P(X = 2Y).

11
(@ [ fcxzydxdy: 1, c= 271,
—1x2

1 x
(b) PX>Y)= [ [ 2‘Tlxzydxdy = % ¢ Area between y = x and y = x°.
x:Oy:XZ

() =0.
(d) =o.
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Marginal Densities

If f is the joint density of (X, Y), then the two marginal densities,
which are the densities of X and Y/, are computed by integrating
out the other variable:

[ee)

fX(X) :_f f(X7y)dy

fr(y) = ] Flxy)ox

Two jointly continuous random variables X and Y are independent
exactly when the joint density is the product of the marginal ones:

f(x,y) = fx(x)fy(y)

for all x and y.
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Previous example, continued. Compute marginal densities and determine whether X
and Y are independent.

1
fx(x) = 24—1x2ydy = %xz(l — x*) for x € [-1,1] and 0 elsewhere.
X

VY
x(x)= [ %XZydx = %yg for y € [0,1] and O elsewhere.
-V
fx,v(x,y) # fx(x)fy(y), so X and Y are not independent.

Mr. and Mrs. Smith agree to meet “between 5 and 6 p.m.” Assume that they both

arrive there at a random time between 5 and 6 and that their arrivals are independent.

(a) Find the density for the time one of them will have to wait for the other. (b) Mrs.

Smith later tells you she had to wait; given this information, compute the probability

that Mr. Smith arrived before 5 : 30.

Let X and Y be the time when when Mr. and Mrs. Smith arrives, respectively;

(a) Let T =|X — Y|, which has possible values in [0, 1] hour.

P(T<t)=P(IX-Y|<t)=P(-t<X-Y<1t)
=PX-t<Y<X+t)=1—(1-1t)>=2t—t?

P(X<0.5,X>Y 1
(b) P(X <05|X > )= EXZESEeY) ):§:§.
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Assume that you are waiting for two phone calls, from Alice and from Bob. The

waiting time T for Alices call has expectation 10 minutes and the waiting time T for
Bob's call has expectation 40 minutes. Assume T71 and T, are independent
exponential random variables. What is the probability that Alice's call will come first?

Assuming a time unit of 10 minutes

_ 1
fr, = ep, f = ze LA

fr1,m2 = fr,(t1) - fr,(t2) = je~f1—t2/4

o0 o0
P(Alice’s call first) = P(T, > Ty) = [ [ e =2/*dtydt, = ¢
0

ty

Conditional distributions
The conditional pmf of X given Y = y is, in the discrete case, given simply by

px(x]Y =y) = P(X = x|Y = y) = 20,

For a jointly continuous pair of random variables X and Y , the conditional density of
X given Y =y is
fx,v (%, ¥)

Ky =y) = 2

where fx y(x,y) is the joint density of (X, Y).
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2 2
Suppose (X, Y) has joint density f(x,y) = { Y Zthfni//isge L
Compute fx(x|Y = y).

VY

fy g 5

x(x|Y =y) = 7)(‘[:((;)”, f(y)= [ —241x2ydx = %yz
-y

x(xlY =y)
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Transformation of Random Variables

Theorem

Let f(x) be the value of the probability density of the multivariate continuous random
variable X. If the vector-valued function y = U(x) is differentiable and invertible for all
values within the domain of x, then for corresponding values of y, the probability
density of Y = U(Y) is given by

f(y) = £(U() | 2 U )]

Consider a bivariate random variable X with states x = [ 2 ] and probability density
function f(x) = exp(——x x). If A is a transformation matrix defined as
A= [ i Z ] , what is the probability density function of y = Ax?
x=A"ly=_1 d b f(x) = f(A~1y) = - exp(—3yTA~TAy)
= Y= b | ¢ a4 |¥ y P(—3Y \
o A1 T 6 1,| — T — _ 1
7A y_A A ‘ |A |_T_ad—bc
f(Y) 7 SP= yTA TAy) ad bc
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Let two resistors, having independent resistances, X1 and Xj, uniformly distributed
between 9 and 11 ohms, be placed in parallel. Find the probability density function of
resistance Yj of the parallel combination.

X] 3% X1X2
_ 1 o ox1x _ _ 1 _ x1+Xx;
x_|:X2:| yl_x1+x2'y2_X2 y_|: :|_|: Bt ]

x2

yiy2 v3 —y?
y=U(x), U(y) = [ A=y } 2uly)=| len? o-n)?
y2 y 0 1

[Bui)| =

(y2— y1)

9<x0 <11 —9<y, <11, 9<x<ll — g =3<n<yH=7

101 va 9
fr(y)={ 22 (o-np §S,VS2,9.SY2S11
0 otherwise
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Determine the pdf of Y = X; + X5 where X; and X5 are independent random

variables.
x=|™ =x1 + X, = x =]t ! O
= | % yi=x1 2, Y2 = X2 y= v | "o 1 x | =

y=uw. =[5 T[] [Burel=[5 1]=A"
Foly) = (A y) ]a%u—l(y)] = Syl = y2,92) - 1 = fig (v2 = Y1) (y2)

fr(y) = ey, y2) = B (v2 = y1)fx, (2)

fruv1) = fr(y) = /fx(yl —y2,y2)dys = /fx1 (y2 = y1) - fx, (y2)dy2
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Random Processes

x[n] = Acos[won]
o x[=2], x[-1], X[O] x[1], x[2], . ..
&[n](a) Pr{X[n] < Oé}, x[n](a) da x[n](a)

my[n] = ng[n]}

» 02(n) = E{|xln] — me(m)?}
Sample Space 1e0] o1 .1, Crosscovariance between
o x[n] and y[n]:
‘“lTTT‘v s Cxy(k,) =
E{XIKIVI" } — EXx(R}EL}
Tt I R A Crosscorrelation between

x[n] and y[n]:
ot = E{xIIVI" |
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The Harmonic Process

= |¢| <

x[n] = Asin[nwg + ¢], fo(d) =
0 otherwise

my[n] = 0 and r(k, /) = # cos((k — Nw)

The autocorrelation matrix of a random vector x is
E{xx"}.
and its autocovariance matrix is

E{(x — E{x})(x — E{x})""} = E{xx""} — E{x}E{x}"".
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