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UNIVARIATE DISTRIBUTIONS

Gaussian Distribution

N(x|p,0%) = WGXP{—ﬁ(X - M)2}

Making a change of variable x; = xo = x — p, we define

| = ofo exp{—%lez}dxl = Ofo exp{—%;xf}d)@

— 00 —

oo}
= [[exp 2U2 (= + x22)} dxidxp
— 00

In polar coordinates,

oozjrexp {_2—2r } rdrd6 = Zo?rexp {_ ((20231/2)2} d ((20;)1/2)2 o2do

[P = f f exp {—v} dvo?d = 2702 and | = (2702)1/2.
00
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Differentiating both sides of
oo
f (2770)1/26 p{ 2(x—p,)z}dx_lwrt o2

we get

J (‘U@W eXP{—ﬁ(X —N)z} dx

(e o]
+ 2(012)2’(’( - N)zm EXP{ 52 (x— u)Z} dx = 0 which yields
— 00

oo}

= | G P oty o~ apa b= 7} o
For the mean,

oo
E{x} = {o W exp {—ﬁ(x = H)Z}X - dx
Changing variable z = x — p
oo

E}=Ez+um= | ghmee {~3=22} z+wdz=n
The first integral is 0 because of the oddness of its integrand, and the second one is .

E{(x —p)*} = 770 mexp{—ﬁ(x - ;L)2} (x — w)? - dx.
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Bernoulli Distribution (Flipping a coin)
Bern(x|p) = (1 — p)' ™

E{x} =P(x=0)-0+P(x=1)-1=1-(1—p)-0+p-1-1=p
E{x*}=P(x=0)-024+P(x=1)-12=p
Var{x} = E{x*} = E{x}* = p — p* = p(1 — p)

Binomial Distribution (Flipping Coin N times)
B, ) = (0 ) una= p

Show that the Binomial distribution has a mean and variance, N and Npu(1 — ji), respectively.
N—1
E{m} = % T ol (A P R L il G R

m= m p=0

E{m} = Nu i L kP (L — NP = N 1 = N

E{m?} = Np E (p+ 1) Gty #P (L — WP = (N — Dp + 1] = N2 = Np? + N
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Poisson Distribution
Poisson(k|\) = i‘(—fe A

oo k oo k+1
E{k}:kzo%e Ak:kzl% Ak—z G A(k+1)—>\zj Ao
E{K} = 3 Jre i =
k=0
Xk
=A e
k=0

=\-1
Z )\ 7)\k2 _ Z (k+1 7)\(k+1)2
> qre Mk+1) =M +1)
Var{k} = E{k}?

E{k}P2=2A+1)— X=X
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Beta Distribution (u over [0, 1])

Beta(“|a7 b) = rr((:)?(bg),ua 1(1— ) ~1 with F f tZ—le—tdt

E{u} = f r(::—(bb) a— (1_ )b 1,ud,u f R a+bb)) a+1_1(1—,LL)b_1d,LL

Mz+1)= f tZe tdt = —tZe*f‘0 +z f t?~le~tdt = zI'(z)
0 0

1
_ (a+1+b) fl=il b—1,4, — _
E{N}—fﬁm#a+ Q—p)tdu= 5 1=

1
of r(a+bb))ua 11— p)b—1pdp = f rr((:)ﬁr-(bb p2t2=1(1 — p)b—ldp

1
(a+b) a— = +1 I(a+2+b _ _
of (:)r(ﬁ N1 - p)> MPdp = f(a+Z§aa+l)7+1 r((aa+2)r(b))#3+2 Y1 — p)b—tdp

a(a+1)
- (a+b)(a+b+1)

_ __a(a+1) 2_ b
()~ E{u* = Graviebn — (335) = ooriors

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering
RANDOM DISTRIBUTIONS



Gamma Distribution
Gam(\l|a, b) = s )ba)\" le

E{)\}_ f el ba)\a 1 —bA)\dA_%g‘ 11 ba+1>\a+1—le—b)\d/\:%

)
E{3} = f iy P APl PAN2d) = 4D ofoiba“)\ﬁ? le=bAg) =
0
+1 2
BV - B = 250 (3= 3
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Inverse Gamma Distribution

IGam(\|a, b) = r[(’:))\_"’_le—§

EQ =] A e X0d = J AT e R dA
O e S U7 LI g
a1 3 ra—1) a—1 a1

a—2 _ _b
= &= 1)(a 2)frt(,a 5 leTXdA= 2y 1=

_ b \? _ b2
— (a-1)(a—2) (a—l) T (a—1)2(a—2)
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Student's t Distribution : (Infinite mixture of Gaussians)

[ N (.72 Gam(ra, b)dr = f e ! (L) e 30dr

a) 2w

_ B ety (a+,_1)d
0

r(a)(2m)?
_ b? T o—tpatio1 g,
= el iy | =
ba[b+()<2“)2](a+%)r(a+§)
r(a)(2m)?

Defining \ = %, v=2a

St(x|p, A\, v) = rl('g) (%)1/2 [1 + (X p)? }

with v degrees of freedom,
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==} 1/2 )21 2
E{X}:,{O (r(é)) (ﬁ) [1—|— A V’J‘) ] ® xdx Replace z=x — p,
00 r(utly 1/2 _ vl oo
Ebd= | Tt (2) 7 [1422] 7 7 etmdz= T p(e0. A1)z + )z

o

oo

[ p(z|0,X\,v)zdz = [ p(z]0,\,v)zdz+ [ p(z]0,\,v)zdz, Replace z = —t
— oo —oo 0

0 oo oo oo
= [ p(—t]0, A\, v)tdt + [ p(z|0,\,v)zdz = — [ p(—t|0, A, v)tdt + [ p(z]|0, A, v)zdz,
oo 0 0 0
Integrals are finite for » > 1 and since p is symmetric,

oo oo
= — [ p(t|0,\,v)tdt + [ p(z]0,\,v)zdz =0, — E{x} = p
0 0

B(a, b) = Zot"—l(l +t)~ (@b dr = rr(aa)Jrr(bb)

r)=va
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Identities for beta function 8(a, b) = [ t2=1(1+t)~(a+b)dt = IO ( and I'( )=+7
0

(a+

(e o] oo
Replacing z = x — p, E{x?} = f p(x|u, v)x%dx = f p(z]0,v)(z + p)?dz

f p(z|v)z2dz = f p(z|v) 2dz+fpz|0>\1/),

—o0 —o0

Replace z = —t in the first term and use symmetry

=— fo p(—t|0, \, v)t?dt + :fop(z|0,)\,v)z2dz =2 ofop(z|0,)\,1/)z2dz
Replace :Az2 so that(l)’\ )% =z and (A)%%F% =dz

=2] ;+ (2) 1+ (D)t

- T e i
_ v I'("VTJ’I) %r(%)r(l%—l) _ %sz S E{x2) =Ll v 42
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Multivariate Distributions

Multinomial Distribution : (Throwing a dice: x =[001000]")

N K
Mt oo ) = (N T

K K
dui=1land > mi=N.
i=1 i=1

( ﬁﬂ )( N;vml )( N_"';713_m2 ):< mwlyzms )

For each occurence the probability is u;"l p,;"2 ugn3

The total probability = ( mlnlyzm3 ) u;"l p;"2 u;"e‘

HOOORrROOORO

0 1
0 0
0 1
1 0
1 0
0 0
1 0
0 1
1 0
0 0

_ 10! 4,33
= i3zt F1M2M3
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Choose k = 1, the proof will be similar for any my.
N N—my N—m;—my
E{m}= > > S .. (
m;=0 my=0

N ) ﬁ pkm
k 1
oty mimy ... mg =
—my; N—mj—myp K
my (N—1)! my
> mime > [T
T 1 Tompl(N—my— - —mg)! K
mi=0 m=0  m3=0 mal et (V= M)t
N N—my N—my—myp K
_ N m (N—1)! my
=2 maMp D> X N ==y Ll #
ot my! mp20  mem0 mo!l...my /(N—mq my)! e k
ﬁ—l N—1—my N—1—mj—my K
+1 (V-1)! mi
p(my+ 1)pg > > =T —mr L1 My
o ('"1+1 =0 =0 m/(N—1—my my)! e
N—1 N—1—my N—1—mj—my
my (N-1)!
- N/l‘l z; My 2 Z; o mtmpl om (N—1—my—---
m;=0 my=0 m3=0
N—1 N—-1—my N—1—m;—my N—1
ST S D R
mp=0 mp=0 m3=0
= Npa - (p1 +p2 +-

IT pic*

. H 1y
K
mimy...mg )kzl‘uk
+ )V = N
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= 5 N—my N—m;—myp N K e 2
iy = = R (N e ) [,

my=0 my=0 m3=0

N N—m; N—mj—my K
_ N 2 m (N—1)! my
= Amm s S 1 o
[ K § Loom (N—mp—---— ! k
m=1 me=0  m3=0 o e (A O
E—l N—1—m; N—1—m;—my
1 (N=1)!
- 1 2 m1+
2o m1+1 ( il = ) mzZio » mal . m  (N—1—my — - —my)! H IJ‘
(N— 1) N—1—my N—1—m;—mp K m
k
= Np Z (m+1)w™ X > Ty
my;=0 my=0 m3=0 k=2
N—1 N—1—my N—1—mj—mp N-1 K
— N 'S ( ) I (m +1)
k
m=0 my=0 m3=0 MR o o 0 UAK )] =il

E{m?} = Npa[(N — 1)p1 + (g1 + p2 + -+ + pe)V 71 = Npa [(N — 1)pa + 1]

E{m} — E{m}? = (Np1)* — Ny + Npx — (Np1)® = Npa(1 — pa)
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Dirichlet distribution
Dirichlet is a multivariate distribution over K random variables
0 < pux <1, where k =1,..., K, subject to the constraints

K
OS,U,kS].and Zuk:]..
k=1

p=prpa.. . px]" and a =[ag an...ak]"

K
Dir(ula) = €(a) TT i+~

. r(&) A 5
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1

K
E{u1}=fC(a I p T dp = fC(w)uHa1 S oo
1

dpa ... dug
f Mot +ak)

1+o¢171

1
o T(ea)-- I'aK)'ul i dpr - dp
_ e |—(1+O¢ +-tak) l4+a 1 aK 1 _«a
= o7 For ) e Ha) M o dpy ... dpe = F
1
1 24ag— 1
E{u3} = f C(a) 1’[1 pk puddp = fC(a)u Tl N dp
r 2ty —1 —il
= f o) et gk dp
_ oq(a1+1)f (2+ai+--+ak)  2+a;—1 aK 1
a(1+a) J T@tar)...T(ax) H1 B

dpy...dug = ai(ag+1)

6(1+6)
2 & —
Var{ia} = E{ui} — E{ua}* = aégtfiz)l) - % = a&kgl(}aﬁl){)

=] =
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Multivariate Gaussian Distribution

iy —1(x_
/\/'(x|;z,2): We‘—ﬂ 1) TE =1 (x—p)

Geometry of Multivariate Gaussian

u?z 2 _(y_ NIy —1(y
e, Rm M=pconTT e
L =Y fuu/
yi=u; (x—p)

2

A2 =

Mo
>

Il
—

X1

1(x_ = =
E{x} = fme 5(x—p) =7 (x ”)dezfme 32572 (4 4 )dz

1 q e
ZZdZ+MIW6 32 dz=0+p-1=p

1 Ty—
—32' X

= f (27|.)D/2|2|1/2 €
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D D
Y= Z Auwu], x—p=Uy= Z u;y; g—;’_ =J;=Uj, |[J]=|UT|since UT =U~?
=]

U'U=1land [UTU| = |UT||U| = 1 =1 dx _| |dyj or dx = |J|dy = dy
Also p(y) = [J|p(x)

E{(x—pm)(x—p)"} =

e— 3(x—p) T E T (x—p) (x — ) (x — p) Tdx

/ (27T)D/2‘):|1/2
= /Zumyju

(271' yb/2 1‘[ )\

2
Y2
= R i L5 1/2{{111111 /)ﬁezhdyl/e%dyz... +
(2m)P/2 T Ap
ol

1
" 73 a4 b
Ung—/qu dy1/y2262>\2 dys...| +---+ UDU5/62A1 dyl.../ylz)e“D dyp |}
D
= uju T+ UQu;)\g 4. E )\,-u,-uiT =X

Show that W/}ﬁefﬁdy:)\
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Wishart Distribution with v degrees of freedom
W(A‘W, I/) = B|/\‘(1/7D71)/2e_%7_r(w71/\)

D A\ L
_ \wl—-v/2 [ ovD/2_D(D-1)/4 v+1—i
B = |W| (2 T Hl r ( 5

Normal-Wishart Distribution

P, Mo, B, W, v) = N (ulpo, (BN)"H)W(AIW, v)
A = X 1. Precision matrix

Multivariate Student’s t Distribution

D+v

r(otv 1 _
o) = S [

A% = (x—p)TZ 7 (x —p)
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Conditional Gaussian Distributions

Assume x is a D dimensional vector with Gaussian distribution p(x) = N (x|u, X) and
that we partition x into two disjoint subsets x = [x, xb]T with mean and covariance

matrix
Ha Yaa Tap -1
= i Y = =A
K { Kb } [ Yha  Tob }
| Naa Aap | .. .
where A = is the precision matrix.
Aba  Abb

*%(x - #)TA(X — ) = *%(Xa - Ha)T/\aa(Xa — Ma) — %(xa - Ha)T/\ab(Xb — ip)
—3 (%6 — 116) T Apa(xa — pa) — 5 (x6 — 116) T Abb(X6 — fip)

= —%X;r/\aaxa 4 X;—Aaa,ﬂa _x.;r/\ab(xb - Nb) + const

If we assume that p(xa|xp) = N (Xa|tta]p; Za|p) then

1 Ty—1 _ _1,Ty-1 Ty-—1
_§(X5 - :“'a|b) zE,|b(xa - /J‘a\b) = —3%; za‘bxa +Xx; Za|b/~’“a\b + const
equating the quadratic and linear terms of x;:

=i __
za|b = Naa

Naafra|p = Z;iﬂa — Nap(Xp — p1p)-
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sl — [ Yaa ZTab }1 _ |: Naa Nap ]
Ypa Xpp Apa  App

Using Schur’s Complement

A B\ M —MBD!
< cCD ) - ( -D-'CM D !+D-!CMBD' )
where M = (A —BD1C)!
Moo = (Zaa — TapZ )t Tpa) "t and Aop = —(Toa — TabX ) Tha) 1 TapTpy
Balb = /\;lz;]tlia + A Nab(Xp — 11b) = pta — TabTpp (X6 — Hib)
Yo =Nt = Taa — TapTpy Tha

Gaussian conditional distribution p(xa|xs) = N (xs|Axp + b, L),
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The Marginal Distribution of Multivariate Gaussian Distributions

p(xs) = /p(xa,xb)dxb . obtained by integrating terms with xp.

Exponential part of p(xa,Xp);

_%(xa — Ma)TAaa(Xa — Ma) — %(Xa - Ma)TAab(xb - Hb) - %(xb - /J'b)TAba(xa - Ha)
— (%6 — 15) Ao (%6 — 15)

Collect quadratic and linear terms in xp;

—2IxT Nopxp —x] Apa(Xa — pa) +x] Apppts = — 3x] Nopx +x] (Apbiis — Apa(xa — pa))

m
Add and subtract (3m7 A, )Ap,(A, m) to make it a full Gaussian;

—%(xb — /\;blm)-’—/\bb(x[7 — /\;blm) + %mT/\;blm
Integrate the above full Gaussian term which is a function of xp;
1 _ _ _
exp{ =5 (b = Ay M) Awp(x6 — Ay m) bl = (2m)20/2|Aps| 1/

where Dy, is the dimension of xj,

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering
RANDOM DISTRIBUTIONS



_%(Xa - /—La)TAaa(Xa - ﬂa) - %(Xa - #a)TAab(xb - /-Lb) - %(xb - Hb)TAba(xa - Na)
—3(xb — 15) Ao (% — 11)

Collect the remaining quadratic and linear terms of x, from above and those from
ImTAL M = (Apppts — Aba(Xa — 112)) T A, (Asbits — Aba(Xa — t1a)

_%(Xa - #a)TAaa(Xa - /—La) +(Xa - #a)TAab#b

+ 3 (Abbis — Aba(xa — 12)) TAL (Abbiin — Apa(Xa — p1a))

Quadratic Terms : —%x}/\aaxa +2 T/\T/\bb NpaXa

xJ ()xa : xI (Naa — /\ab/\;bl/\ba)xa

Linear Terms : +xJ (Asafia + Nabits) +3 [—X;,T/\L/\Ebl [Apbpen + /\baua]]

T [Aaatta + Naptao = ALAG Nobts — NLAZ Asapsa]
= x;l' [Aaa - /\ab/\;bl/\ba] Ha

- _ ?
T( )%, (Aaa - /\ab/\bbl/\ba) Ha — (Aaa - Aab/\bbl/\ba) =A;

—1 —
() =3; #a = [Aaa Aba ab]ﬂa or¥, = [Aaa Aba/\bb Aab]
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Show that (Ass — AapApAba) =N

Hint:
Remember that the integration yields (27)P5/2|Ap,| /2 and the
1
9 o . _DatDp | Az Agp 2
normalization constant for p(x,,xp) = (27) Aow Mg

Also remember the matrix identity for the determinant of block
matrices i.e.

A C I c][A-CDB 0 B
‘B D':HO D}[ DB |”=|D|'|A—CD 1B| = |D| - |Fal
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Bayes’' theorem for Gaussian variables

Given a Gaussian marginal distribution p(x) = N(x|u, A=) and a Gaussian
conditional distribution p(y|x) = N (y|Ax + b, L™1), the joint distribution of x and y is
p(z) where z = (xy)7.

Inp(2) = Inp(x) +In p(y[x) = =5 (x — ) TA(x — ) + —3(y — Ax—b) TL(y — Ax — b)
Quadratic terms of z : —%ZTRIZ

Quadratic terms of x : —%(/\ +ATLA) Quadratic terms of y : —%L

Cross terms of x and y : %ATL Cross terms of y and x : %LA

T x] [ A+ATLA —ATL x1_ _1,7R
T2y —LA L y | T 2% 2

. s . 1 A1 A—IAT
Using Schur’s inversion formula, R, 7 = Cov{z} = [ AA-1 L-14 AA-1AT }
Linear terms of x : x (Au — ATLb) Linear terms of y : Lb
T
Linear terms of z : zTRzp,Z = ;( :| |: (Au _LbATLb) —
o [ (A — ATLb) } _ [ A1 A—IAT } [ (Ap — ATLb) ]
fz = e Lb T AAT LTl pAACIAT Lb

Au+b E{y}
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Remembering from the conditional density moments that

Z;ﬁ,ua\b = Naapa — Nap(Xp — pp) and )Za“, = A;al

Cov{xly} = T, = (A + ATLA)!
(A4 ATLA)pyjy = (A+ ATLA)u + ATL(y — A —b) = ATL(y — b) + Ap

fixy = E{xly} = (A + ATLA)"}(ATL(y — b) + Au)

u}
8]
I
i
it
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