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UNıVARIATE DISTRIBUTIONS

Gaussian Distribution

N (x |µ, σ2) = 1
(2πσ2)1/2

exp
{
− 1

2σ2 (x − µ)2
}

Show that the area under N (x |µ, σ2) = 1.

Making a change of variable x1 = x2 = x − µ, we define

I =
∞∫

−∞
exp

{
− 1

2σ2 x
2
1

}
dx1 =

∞∫
−∞

exp
{
− 1

2σ2 x
2
2

}
dx2

I 2 =
∞∫∫
−∞

exp
{
− 1

2σ2 (x
2
1 + x22 )

}
dx1dx2

In polar coordinates,

I 2 =
∞∫
0

2π∫
0

exp
{
− 1

2σ2 r
2
}
rdrdθ =

∞∫
0

2π∫
0

exp

{
−

(
r

(2σ2)1/2

)2
}
d
(

r
(2σ2)1/2

)2
σ2dθ

I 2 =
∞∫
0

2π∫
0

exp {−v} dvσ2dθ = 2πσ2 and I = (2πσ2)1/2.
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Show that the mean and variance of Gaussian distribution is µ and σ2, respectively.

Differentiating both sides of
∞∫

−∞

1
(2πσ2)1/2

exp
{
− 1

2σ2 (x − µ)2
}
dx = 1 w.r.t. σ2,

we get
∞∫

−∞
(−1/2) 1

(2π)1/2(σ2)3/2
exp

{
− 1

2σ2 (x − µ)2
}
dx

+
∞∫

−∞

1
2(σ2)2

(x − µ)2 1
(2πσ2)1/2

exp
{
− 1

2σ2 (x − µ)2
}
dx = 0 which yields

σ2 =
∞∫

−∞
(x − µ)2 1

(2πσ2)1/2
exp

{
− 1

2σ2 (x − µ)2
}
dx

For the mean,

E{x} =
∞∫

−∞

1
(2πσ2)1/2

exp
{
− 1

2σ2 (x − µ)2
}
x · dx

Changing variable z = x − µ

E{x} = E{z + µ} =
∞∫

−∞

1
(2πσ2)1/2

exp
{
− 1

2σ2 z
2
}
(z + µ)dz = µ.

The first integral is 0 because of the oddness of its integrand, and the second one is µ.

E{(x − µ)2} =
∞∫

−∞

1
(2πσ2)1/2

exp
{
− 1

2σ2 (x − µ)2
}
(x − µ)2 · dx .
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Bernoulli Distribution (Flipping a coin)

Bern(x |µ) = µx(1− µ)1−x

Show that the Bernouilli distribution has a mean and variance, µ and µ(1− µ),
respectively.

E{x} = P(x = 0) · 0 + P(x = 1) · 1 = 1 · (1− µ) · 0 + µ · 1 · 1 = µ
E{x2} = P(x = 0) · 02 + P(x = 1) · 12 = µ
Var{x} = E{x2} − E{x}2 = µ− µ2 = µ(1− µ)

Binomial Distribution (Flipping Coin N times)

Bin(m|N, µ) =

(
N
m

)
µm(1− µ)N−m

Show that the Binomial distribution has a mean and variance, Nµ and Nµ(1 − µ), respectively.

E{m} =
N∑

m=0
P(m)m =

N∑
m=1

(
N
m

)
mµm(1 − µ)N−m =

N−1∑
p=0

(
N

p+1

)
(p + 1)µp+1(1 − µ)N−p−1

E{m} = Nµ
N−1∑
p=0

(N−1)!
p!(N−1−p)!

µp(1 − µ)N−1−p = Nµ · 1 = Nµ.

E{m2} = Nµ
N−1∑
p=0

(p + 1)
(N−1)!

(p)!(N−p−1)!
µp(1 − µ)N−p−1 = Nµ[(N − 1)µ + 1] = N2µ2 − Nµ2 + Nµ
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Poisson Distribution

Poisson(k|λ) = λk

k! e
−λ

Show that the Poisson distribution has a mean and variance both equal to λ.

E{k} =
∞∑
k=0

λk

k!
e−λk =

∞∑
k=1

λk

k!
e−λk =

∞∑
k=0

λk+1

(k+1)!
e−λ(k + 1) = λ

∞∑
k=0

λk

k!
e−λ = λ · 1

E{k2} =
∞∑
k=0

λk

k!
e−λk2 =

∞∑
k=1

λk

k!
e−λk2 =

∞∑
k=0

λk+1

(k+1)!
e−λ(k + 1)2

= λ
∞∑
k=0

λk

k!
e−λ(k + 1) = λ(λ+ 1)

Var{k} = E{k}2 − E{k}2 = λ(λ+ 1)− λ2 = λ
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Beta Distribution (µ over [0, 1])

Beta(µ|a, b) = Γ(a+b)
Γ(a)Γ(b)µ

a−1(1− µ)b−1 with Γ(z) =
∞∫
0

tz−1e−tdt

Show that the Beta distribution has a mean = a
a+b

and variance = ab
(a+b)2(a+b+1)

.

E{µ} =
1∫
0

Γ(a+b)
Γ(a)Γ(b)

µa−1(1− µ)b−1µdµ =
1∫
0

Γ(a+b)
Γ(a)Γ(b)

µa+1−1(1− µ)b−1dµ

Γ(z + 1) =
∞∫
0

tze−tdt = −tze−t
∣∣∣∞
0

+ z
∞∫
0

tz−1e−tdt = zΓ(z)

E{µ} =
1∫
0

a
a+b

Γ(a+1+b)
Γ(a+1)Γ(b)

µa+1−1(1− µ)b−1dµ = a
a+b

· 1 = a
a+b

E{µ2} =
1∫
0

Γ(a+b)
Γ(a)Γ(b)

µa−1(1− µ)b−1µ2dµ =
1∫
0

Γ(a+b)
Γ(a)Γ(b)

µa+2−1(1− µ)b−1dµ

=
1∫
0

Γ(a+b)
Γ(a)Γ(b)

µa−1(1− µ)b−1µ2dµ =
1∫
0

a(a+1)
(a+b)(a+b+1)

Γ(a+2+b)
Γ(a+2)Γ(b)

µa+2−1(1− µ)b−1dµ

= a(a+1)
(a+b)(a+b+1)

E{µ2} − E{µ}2 = a(a+1)
(a+b)(a+b+1)

−
(

a
a+b

)2
= ab

(a+b)2(a+b+1)
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Gamma Distribution

Gam(λ|a, b) = 1
Γ(a)b

aλa−1e−bλ

Show that the Gamma distribution has a mean = a
b
and variance = a

b2
.

E{λ} =
∞∫
0

1
Γ(a)

baλa−1e−bλλdλ = a
b

∞∫
0

1
Γ(a+1)

ba+1λa+1−1e−bλdλ = a
b
· 1

E{λ2} =
∞∫
0

1
Γ(a)

baλa−1e−bλλ2dλ = a(a+1)

b2

∞∫
0

1
Γ(a)

ba+2λa+2−1e−bλdλ = a(a+1)

b2
· 1

E{λ2} − E{λ}2 = a(a+1)

b2
−

(
a
b

)2
= a

b2
.
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Inverse Gamma Distribution

IGam(λ|a, b) = ba

Γ(a)λ
−a−1e−

b
λ

Show that Inverse Gamma distribution has a mean = b
a−1

and variance = b2

(a−1)2(a−2)
.

E{λ} =
∞∫
0

ba

Γ(a)
λ−a−1e−

b
λ λdλ =

∞∫
0

ba

Γ(a)
λ−a+1−1e−

b
λ dλ

= b
a−1

∞∫
0

ba−1

Γ(a−1)
λ−a+1−1e−

b
λ dλ = b

a−1
· 1 = b

a−1

E{λ2} =
∞∫
0

ba

Γ(a)
λ−a−1e−

b
λ λ2dλ

=
∞∫
0

ba

Γ(a)
λ−a+2−1e−

b
λ dλ

= b2

(a−1)(a−2)

∞∫
0

ba−2

Γ(a−2)
λ−a+2−1e−

b
λ dλ = b

a−1
· 1 = b

a−1
= b2

(a−1)(a−2)
· 1

= b2

(a−1)(a−2)
−

(
b

a−1

)2
= b2

(a−1)2(a−2)
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Student’s t Distribution : (Infinite mixture of Gaussians)
∞∫
0

N (x |µ, τ−1)Gam(τ |a, b)dτ =
∞∫
0

bae−bτ τ a−1

Γ(a)

(
τ
2π

) 1
2 e−

τ
2
(x−µ)2dτ

= ba

Γ(a)(2π)
1
2

∞∫
0

e−(b+ (x−µ)2

2
)ττ (a+

1
2
−1)dτ

= ba

Γ(a)(2π)
1
2 (b+ (x−µ)2

2
)(a+

1
2 )

∞∫
0

e−tta+
1
2
−1dt =

ba
[
b+ (x−µ)2

2

]−(a+1
2 )

Γ(a+ 1
2
)

Γ(a)(2π)
1
2

Defining λ = a
b , ν = 2a

St(x |µ, λ, ν) = Γ( ν+1
2

)

Γ( ν
2
)

(
λ
πν

)1/2 [
1 + λ(x−µ)2

ν

]− ν+1
2
,

with ν degrees of freedom,
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Show that the Student’s t distribution has a mean µ and variance 1
λ

ν
ν−2

.

E{x} =
∞∫

−∞

Γ( ν+1
2

)

Γ( ν
2
)

(
λ
πν

)1/2 [
1 + λ(x−µ)2

ν

]− ν+1
2

xdx Replace z = x − µ,

E{x} =
∞∫

−∞

Γ( ν+1
2

)

Γ( ν
2
)

(
λ
πν

)1/2 [
1 + λ

ν
z2

]− ν+1
2

(z + µ)dz =
∞∫

−∞
p(z|0, λ, ν)(z + µ)dz

∞∫
−∞

p(z|0, λ, ν)zdz =
0∫

−∞
p(z|0, λ, ν)zdz +

∞∫
0

p(z|0, λ, ν)zdz, Replace z = −t

=
0∫

∞
p(−t|0, λ, ν)tdt +

∞∫
0

p(z|0, λ, ν)zdz = −
∞∫
0

p(−t|0, λ, ν)tdt +
∞∫
0

p(z|0, λ, ν)zdz,

Integrals are finite for ν > 1 and since p is symmetric,

= −
∞∫
0

p(t|0, λ, ν)tdt +
∞∫
0

p(z|0, λ, ν)zdz = 0, −→ E{x} = µ

Self Study Question: Prove the following identities.

β(a, b) =
∞∫
0

ta−1(1 + t)−(a+b)dt = Γ(a)Γ(b)
Γ(a+b)

Γ( 1
2
) =

√
π
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Identities for beta function β(a, b) =
∞∫
0

ta−1(1+ t)−(a+b)dt = Γ(a)Γ(b)
Γ(a+b)

and Γ( 1
2
) =

√
π

Replacing z = x − µ, E{x2} =
∞∫

−∞
p(x |µ, ν)x2dx =

∞∫
−∞

p(z|0, ν)(z + µ)2dz

∞∫
−∞

p(z|ν)z2dz =
0∫

−∞
p(z|ν)z2dz +

∞∫
0

p(z|0, λ, ν), z2dz

Replace z = −t in the first term and use symmetry

= −
0∫

∞
p(−t|0, λ, ν)t2dt +

∞∫
0

p(z|0, λ, ν)z2dz = 2
∞∫
0

p(z|0, λ, ν)z2dz

Replace t = λ
ν
z2 so that ( ν

λ
t)

1
2 = z and ( ν

λ
)
1
2 1
2
t−

1
2 dt = dz

= 2
∞∫
0

Γ( ν+1
2

)

Γ( ν
2
)

(
λ
πν

)1/2
[1 + t]−

ν+1
2 ( ν

λ
)t( ν

λ
)
1
2 1
2
t−

1
2 dt

= ν
λ

Γ( ν+1
2

)

Γ( ν
2
)Γ( 1

2
)

∞∫
0

t
3
2
−1 [1 + t]−

3
2
−( ν

2
−1) dt , = ν

Γ( ν+1
2

)

Γ( ν
2
)Γ( 1

2
)

Γ( 1
2
+1)Γ( ν

2
−1)

Γ( ν+1
2

)

= ν
λ

Γ( ν+1
2

)

( ν
2
−1)Γ( ν

2
−1)Γ( 1

2
)

1
2
Γ( 1

2
)Γ( ν

2
−1)

Γ( ν+1
2

)
= 1

λ
ν

ν−2
→ E{x2} = 1

λ
ν

ν−2
+ µ2

Var{x} = E{x2} − E{x}2 = 1
λ

ν
ν−2

+ µ2 − µ2 = 1
λ

ν
ν−2
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Multivariate Distributions

Multinomial Distribution : (Throwing a dice: x = [0 0 1 0 0 0]T )

Mult(m1,m2, . . . ,mK |µ,N) =

(
N

m1m2 . . .mK

)
K∏
i=1

µmk
k

K∑
i=1

µi = 1 and
K∑
i=1

mi = N.

A binary random vector x = [x1 x2 x3] is observed N = 10 times as it was given below;
What is the probability of occurence of x1 = 1 to be m1 = 4, x2 = 1, m2 = 3 and
x3 = 1, m3 = 3.

0 1 0
0 0 1
0 1 0
1 0 0
1 0 0
0 0 1
1 0 0
0 1 0
1 0 0
0 0 1

(
N
m1

)(
N − m1

m2

)(
N − m1 − m2

m3

)
=

(
N

m1m2m3

)
For each occurence the probability is µ

m1
1 µ

m2
2 µ

m3
3

The total probability =

(
N

m1m2m3

)
µ
m1
1 µ

m2
2 µ

m3
3

= 10!
4!3!3!

µ4
1µ

3
2µ

3
3
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Show that the Multinomial distribution has a mean mk = Nµk and variance
Nµk (1− µk ).

Choose k = 1, the proof will be similar for any mk .

E{m1} =
N∑

m1=0

N−m1∑
m2=0

N−m1−m2∑
m3=0

. . .

(
N

m1m2 . . .mK

)
K∏

k=1
µ
mk
k m1

=
N∑

m1=0

N
m1!

m1µ
m1
1

N−m1∑
m2=0

N−m1−m2∑
m3=0

. . .
(N−1)!

m2!...mk !(N−m1−···−mk )!

K∏
k=2

µ
mk
k

=
N∑

m1=1

N
m1!

m1µ
m1
1

N−m1∑
m2=0

N−m1−m2∑
m3=0

. . .
(N−1)!

m2!...mk !(N−m1−···−mk )!

K∏
k=2

µ
mk
k

=
N−1∑
m1=0

N
(m1+1)!

(m1 + 1)µm1+1
1

N−1−m1∑
m2=0

N−1−m1−m2∑
m3=0

. . .
(N−1)!

m2!...mk !(N−1−m1−···−mk )!

K∏
k=2

µ
mk
k

= Nµ1

N−1∑
m1=0

µm1
1

N−1−m1∑
m2=0

N−1−m1−m2∑
m3=0

. . .
(N−1)!

m1!m2!...mk !(N−1−m1−···−mk )!

K∏
k=2

µ
mk
k

= Nµ1

N−1∑
m1=0

N−1−m1∑
m2=0

N−1−m1−m2∑
m3=0

. . .

(
N − 1

m1m2 . . .mK

)
K∏

k=1
µ
mk
k

= Nµ1 · (µ1 + µ2 + · · ·+ µK )
N−1 = Nµ1
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E{m2
1} =

N∑
m1=0

N−m1∑
m2=0

N−m1−m2∑
m3=0

. . .

(
N

m1m2 . . .mK

)
K∏

k=2
µ
mk
k m2

1

=
N∑

m1=1

N
m1!

m2
1µ

m1
1

N−m1∑
m2=0

N−m1−m2∑
m3=0

. . .
(N−1)!

m2!...mk !(N−m1−···−mk )!

K∏
k=2

µ
mk
k

=
N−1∑
m1=0

N!
(m1+1)!

(m1 + 1)2µm1+1
1

N−1−m1∑
m2=0

N−1−m1−m2∑
m3=0

. . .
(N−1)!

m2!...mk !(N−1−m1−···−mk )!

K∏
k=1

µ
mk
k

= Nµ1

N−1∑
m1=0

(N−1)!
m1!

(m1 + 1)µm1
1

N−1−m1∑
m2=0

N−1−m1−m2∑
m3=0

· · ·
K∏

k=2
µ
mk
k

= Nµ1

[
N−1∑
m1=0

N−1−m1∑
m2=0

N−1−m1−m2∑
m3=0

. . .

(
N-1

m1m2 . . .mK

)
K∏

k=1
µ
mk
k (m1 + 1)

]
E{m2

1} = Nµ1[(N − 1)µ1 + (µ1 + µ2 + · · ·+ µK )
N−1] = Nµ1[(N − 1)µ1 + 1]

E{m2
1} − E{m1}2 = (Nµ1)2 − Nµ2

1 + Nµ1 − (Nµ1)2 = Nµ1(1− µ1)
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Dirichlet distribution

Dirichlet is a multivariate distribution over K random variables
0 ≤ µk ≤ 1, where k = 1, . . . ,K , subject to the constraints

0 ≤ µk ≤ 1 and
K∑

k=1

µk = 1.

µ = [µ1 µ2 . . . µK ]
T and α = [α1 α2 . . . αK ]

T

Dir(µ|α) = C (α)
K∏

k=1

µαk−1
k

with C (α) = Γ(α̂)
Γ(α1)...Γ(αK )

and α̂ =
K∑

k=1

αk
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Show that the Dirichlet distribution has a mean αk
α̂

and variance αk (α̂−αk )

α̂2(α̂+1)

E{µ1} =
1∫
0

C(α)
K∏

k=1
µ
αk−1
k µ1dµ =

1∫
0

C(α)µ1+α1−1
1 . . . µ

αK−1
K dµ1 . . . dµk

=
1∫
0

Γ(α1+···+αK )
Γ(α1)...Γ(αK )

µ1+α1−1
1 . . . µ

αK−1
K dµ1 . . . dµk

= α1
α1+···+αK

1∫
0

Γ(1+α1+···+αK )
Γ(1+α1)...Γ(αK )

µ1+α1−1
1 . . . µ

αK−1
K dµ1 . . . dµk = α1

α̂

E{µ2
1} =

1∫
0

C(α)
K∏

k=1
µ
αk−1
k µ2

1dµ =
1∫
0

C(α)µ2+α1−1
1 . . . µ

αK−1
K dµ1 . . . dµk

=
1∫
0

Γ(α1+···+αK )
Γ(α1)...Γ(αK )

µ2+α1−1
1 . . . µ

αK−1
K dµ1 . . . dµk

= α1(α1+1)
α̂(1+α̂)

1∫
0

Γ(2+α1+···+αK )
Γ(2+α1)...Γ(αK )

µ2+α1−1
1 . . . µ

αK−1
K dµ1 . . . dµk = α1(α1+1)

α̂(1+α̂)

Var{µ1} = E{µ2
1} − E{µ1}2 = α1(α1+1)

α̂(1+α̂)
− α2

1
α̂2 = αk (α̂−αk )

α̂2(α̂+1)
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Multivariate Gaussian Distribution

N (x|µ,Σ) = 1
(2π)D/2|Σ|1/2 e

− 1
2
(x−µ)TΣ−1(x−µ)

Geometry of Multivariate Gaussian

x1

x2

y1

y2

µ

u1
u2 ∆2 = (x− µ)TΣ−1(x− µ)

Σ−1 =
D∑
i=1

1
λi
uiu

T
i

yi = uTi (x− µ)

∆2 =
D∑
i=1

y2
i
λi

Show that E{x} = µ for a Multivariate Gaussian.

E{x} =
∫

1
(2π)D/2|Σ|1/2

e−
1
2
(x−µ)TΣ−1(x−µ)xdx =

∫
1

(2π)D/2|Σ|1/2
e−

1
2
zTΣ−1z(z+ µ)dz

=
∫

1
(2π)D/2|Σ|1/2

e−
1
2
zTΣ−1zzdz+ µ

∫
1

(2π)D/2|Σ|1/2
e−

1
2
zTΣ−1zdz = 0 + µ · 1 = µ
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Show that Var{x} = Σ for a Multivariate Gaussian.

Σ =
D∑
i=1

λiuiu
T
i , x− µ = Uy =

D∑
i=1

uiyi
∂xi
∂yj

= Jij = Uji , |J| = |UT | since UT = U−1

UTU = I and |UTU| = |UT ||U| = 1, |J| = 1 dxi = | ∂xi
∂yj

|dyj or dx = |J|dy = dy

Also p(y) = |J|p(x)

E{(x− µ)(x− µ)T } =

∫
1

(2π)D/2|Σ|1/2
e−

1
2
(x−µ)TΣ−1(x−µ)(x− µ)(x− µ)Tdx

= 1

(2π)D/2
D∏

p=1
λ
1/2
p

∫ ∑
i,j

uiyiyju
T
j e

− 1
2

D∑
k=1

y2k
λk dy

= 1

(2π)D/2
D∏

p=1
λ
1/2
p

{
[
u1uT1

∫
y2
1 e

y21
2λ1 dy1

∫
e

y22
2λ2 dy2 . . .

]
+

[
u2uT2

∫
e

y11
2λ1 dy1

∫
y2
2 e

y22
2λ2 dy2 . . .

]
+ · · ·+

[
uDu

T
D

∫
e

y11
2λ1 dy1 . . .

∫
y2
De

y2D
2λD dyD

]
}

= u1uT1 λ1 + u2uT2 λ2 + · · · =
D∑
i=1

λiuiu
T
i = Σ

Show that 1
(2πλ)1/2

∫
y2e−

y2

2λ dy = λ
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Wishart Distribution with ν degrees of freedom

W(Λ|W, ν) = B|Λ|(ν−D−1)/2e−
1
2
Tr(W−1Λ)

B = |W|−ν/2

(
2νD/2πD(D−1)/4

D∏
i=1

Γ

(
ν + 1− i

2

))−1

Normal-Wishart Distribution

p(µ,Λ|µ0, β,W, ν) = N (µ|µ0, (βΛ)
−1)W(Λ|W, ν)

Λ = Σ−1: Precision matrix

Multivariate Student’s t Distribution

St(x|µ,Λ, ν) = Γ(D+ν
2

)

Γ( ν
2
)

|Λ|
1
2

(πν)
D
2

[
1 + ∆2

ν

]−D+ν
2

∆2 = (x− µ)TΣ−1(x− µ)
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Conditional Gaussian Distributions

Assume x is a D dimensional vector with Gaussian distribution p(x) = N (x|µ,Σ) and
that we partition x into two disjoint subsets x = [xa xb]

T with mean and covariance
matrix

µ =

[
µa

µb

]
, Σ =

[
Σaa Σab

Σba Σbb

]
= Λ−1

where Λ =

[
Λaa Λab

Λba Λbb

]
is the precision matrix.

Determine the conditional density p(xa|xb) = p(xa, xb)p(xb) in terms of µ and Λ.

− 1
2
(x− µ)TΛ(x− µ) = − 1

2
(xa − µa)TΛaa(xa − µa)− 1

2
(xa − µa)TΛab(xb − µb)

− 1
2
(xb − µb)

TΛba(xa − µa)− 1
2
(xb − µb)

TΛbb(xb − µb)

= − 1
2
xTa Λaaxa + xTa Λaaµa −xTa Λab(xb − µb) + const

If we assume that p(xa|xb) = N (xa|µa|b,Σa|b) then

− 1
2
(xa − µa|b)

TΣ−1
a|b(xa − µa|b) = − 1

2
xTa Σ

−1
a|bxa + xTa Σ

−1
a|bµa|b + const

equating the quadratic and linear terms of xa:
Σ−1

a|b = Λaa

Λaaµa|b = Σ−1
a|bµa − Λab(xb − µb).
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Σ−1 =

[
Σaa Σab

Σba Σbb

]−1

=

[
Λaa Λab

Λba Λbb

]
Using Schur’s Complement(

A B
C D

)−1

=

(
M −MBD−1

−D−1CM D−1 +D−1CMBD−1

)
where M = (A− BD−1C)−1

Λaa = (Σaa − ΣabΣ
−1
bb Σba)

−1 and Λab = −(Σaa − ΣabΣ
−1
bb Σba)

−1ΣabΣ
−1
bb

µa|b = Λ−1
aa Σ

−1
a|bµa + Λ−1

aa Λab(xb − µb) = µa − ΣabΣ
−1
bb (xb − µb)

Σa|b = Λ−1
aa = Σaa − ΣabΣ

−1
bb Σba

Gaussian conditional distribution p(xa|xb) = N (xa|Axb + b,L−1),
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The Marginal Distribution of Multivariate Gaussian Distributions

p(xa) =

∫
p(xa, xb)dxb : obtained by integrating terms with xb.

Determine the marginal distribution p(xa).

Exponential part of p(xa, xb);

− 1
2
(xa − µa)TΛaa(xa − µa)− 1

2
(xa − µa)TΛab(xb − µb)− 1

2
(xb − µb)

TΛba(xa − µa)

− 1
2
(xb − µb)

TΛbb(xb − µb)

Collect quadratic and linear terms in xb;

− 1
2
xTb Λbbxb −xTb Λba(xa − µa) +xTb Λbbµb = − 1

2
xTb Λbbxb +xTb (Λbbµb − Λba(xa − µa)︸ ︷︷ ︸

m

)

Add and subtract ( 1
2
mTΛ−1

bb )Λbb(Λ
−1
bb m) to make it a full Gaussian;

− 1
2
(xb − Λ−1

bb m)TΛbb(xb − Λ−1
bb m) + 1

2
mTΛ−1

bb m

Integrate the above full Gaussian term which is a function of xb;∫
exp{−

1

2
(xb − Λ−1

bb m)TΛbb(xb − Λ−1
bb m)}dxb = (2π)Db/2|Λbb|−1/2

where Db is the dimension of xb
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− 1
2
(xa − µa)TΛaa(xa − µa)− 1

2
(xa − µa)TΛab(xb − µb)− 1

2
(xb − µb)

TΛba(xa − µa)

− 1
2
(xb − µb)

TΛbb(xb − µb)

Collect the remaining quadratic and linear terms of xa from above and those from
1
2
mTΛ−1

bb m = (Λbbµb − Λba(xa − µa))TΛ
−1
bb (Λbbµb − Λba(xa − µa)

− 1
2
(xa − µa)TΛaa(xa − µa) +(xa − µa)TΛabµb

+ 1
2
(Λbbµb − Λba(xa − µa))TΛ

−1
bb (Λbbµb − Λba(xa − µa))

Quadratic Terms : − 1
2
xTa Λaaxa + 1

2
xTa Λ

T
baΛ

−1
bb Λbaxa

xTa (.)xa : xTa (Λaa − ΛabΛ
−1
bb Λba)xa

Linear Terms : +xTa (Λaaµa + Λabµb) + 2
2

[
−xTa Λ

T
baΛ

−1
bb [Λbbµb + Λbaµa]

]
= xTa

[
Λaaµa + Λabµb − ΛT

baΛ
−1
bb Λbbµb − ΛT

baΛ
−1
bb Λbaµa

]
= xTa

[
Λaa − ΛabΛ

−1
bb Λba

]
µa

xTa (.) : x
T
a

(
Λaa − ΛabΛ

−1
bb Λba

)
µa −→

(
Λaa − ΛabΛ

−1
bb Λba

)
?
= Λa

(.) = Σ−1
a µa = [Λaa − ΛbaΛ

−1
bb Λab]µa or Σa = [Λaa − ΛbaΛ

−1
bb Λab]

−1
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Self Study Question:

Show that
(
Λaa − ΛabΛ

−1
bb Λba

)
=Λa.

Hint:
Remember that the integration yields (2π)Db/2|Λbb|−1/2 and the

normalization constant for p(xa, xb) = (2π)−
Da+Db

2

∣∣∣∣ Λaa Λab

Λba Λbb

∣∣∣∣ 12 .
Also remember the matrix identity for the determinant of block
matrices i.e.∣∣∣∣ A C

B D

∣∣∣∣ = ∣∣∣∣[ I C
0 D

] [
A− CD−1B 0

D−1B I

]∣∣∣∣ = |D| · |A− CD−1B| = |D| · |FA|

.
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Bayes’ theorem for Gaussian variables

Given a Gaussian marginal distribution p(x) = N (x|µ,Λ−1) and a Gaussian
conditional distribution p(y |x) = N (y|Ax+ b, L−1), the joint distribution of x and y is
p(z) where z = (x y)T .

Determine p(z|µz,Rz) where z = (x y)T .

ln p(z) = ln p(x) + ln p(y |x) = − 1
2
(x− µ)TΛ(x− µ) +− 1

2
(y−Ax− b)TL(y−Ax− b)

Quadratic terms of z : − 1
2
zTRzz

Quadratic terms of x : − 1
2
(Λ + ATLA) Quadratic terms of y : − 1

2
L

Cross terms of x and y : 1
2
ATL Cross terms of y and x : 1

2
LA

− 1
2

[
x
y

]T [
Λ+ ATLA −ATL

−LA L

] [
x
y

]
= − 1

2
zTRzz

Using Schur’s inversion formula, Rz
−1 = Cov{z} =

[
Λ−1 Λ−1AT

AΛ−1 L−1 + AΛ−1AT

]
Linear terms of x : xT (Λµ− ATLb) Linear terms of y : Lb

Linear terms of z : zTRzµz =

[
x
y

]T [
(Λµ− ATLb)

Lb

]
→

µz = Rz
−1

[
(Λµ− ATLb)

Lb

]
=

[
Λ−1 Λ−1AT

AΛ−1 L−1 + AΛ−1AT

] [
(Λµ− ATLb)

Lb

]
µz =

[
µ

Aµ+ b

]
=

[
E{x}
E{y}

]
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Determine the conditional expectation and covariance of p(x|y)

Remembering from the conditional density moments that

Σ−1
a|bµa|b = Λaaµa − Λab(xb − µb) and Σa|b = Λ−1

aa

Cov{x|y} = Σx|y = (Λ + ATLA)−1

(Λ + ATLA)µx|y = (Λ + ATLA)µ+ ATL(y − Aµ− b) = ATL(y − b) + Λµ

µx|y = E{x|y} = (Λ + ATLA)−1(ATL(y − b) + Λµ)
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