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Some concepts and illustrations in this lecture are adapted from
the textbook,
Statistical Digital Signal Processing and Modeling, Monson
Hayes, Wiley.
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Nonparametric Power Spectrum Methods

Periodogram

Modified Periodogram
Bartlett's Method
Welch's Method
Blackman-Tukey Method
Multitaper Method

Minimum Variance Spectrum Estimation

BN EOENE

Maximum Entropy Method
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Periodogram
Power spectrum of a WS stationary process x(n) is

(ejw) _ Z rxe/Wk
k=—o00
For an autoregression ergodic process
1 N
(0= Jim s 3 X kX ()

Since x(n) is finite i.e. {x(0),x(1),...,x(N —1)}

N—1 N—-1—k

Px(k):%Zx(n-i—k Z (n+ K)x"(n), k €[0,N—1]

n=0 n=0
Prer(&) = 3 B(k)e
k=—N+1
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_f x(n) ; 0<n<N,
xn(n) = { 0 ;. otherwise
xn(n) = wr(n)x(n)
. 1 & 1
P(k) = > xu(n+ k)xi(n) = (k) xi(—k)

Poar() = F {7 ()} = 1 Xu(@)Xi() = T |[Xn(e™)|

Xu(69) = 32 xu(n)e " = S xy(n)eien

n=—o00 n=0

Periodogram of white noise; ri (k) = o26(k)

Ppe,(e"w) = o2
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Performance of Periodogram
Mean square convergence: lim { [If’pe,(ejw) — Px(ef“’)} } =0
means Moo

Asymptotically unbiased : lim {Pper(e/ )} = Pue(e)
N— oo

Consistent :  lim Var{ﬁper(ejw)} =0
N— oo

N—1—k

E{r(k)} n;w Ef(n + K)ei(n)] = > k)= R0
E {A(k)} = wa(k)r(k)
ws (k) = x(t) = { T s
E {ﬁpe,(ei“’)} —E {kN_iNlﬂ fx(k)e—f“} - kN_Z_;H re(K)ws (k)e <
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IO , , , in(New /)12
E{Ppe,(ef“’)} = LP () + Wa(e) and Wa(e) = L [ Sig(Nw/;]

I5pe,(ef“’) is biased but it is asymptotically unbiased :
N“m {Pper(ejw)} = Pper(ejw)

— 00

Periodogram of sinusiods in noise:

x(n) = Asin(nwi + ¢1) + Asin(nwz + ¢2) + v(n)
P(e) =02 + InA[5(w — wi) + 8(w — wi)] + 27 A’[S(w — w2] + S(w — w2))

Resolution of Periodogram
Res[Ppe(€/)] = 0.8927 < Aw = |wi — w2
Variance of Periodogram
Var {If’pe,(ej“’)} = Pf(e’w)
Periodogram is not a consistent estimate.
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Modified Periodogram

2

D jw 1 - —jwn
PM(eJ ): W n; x(n)w(n)e J
] Nt
U= 5 lwin)f
n=0
Bias 1
w 'w jwy |2
E{Boar()} = 5 Pe(e) 5 ()]
Variance
Var {PM(e/w)} ~ Po(e)?
Resolution
Rectangular  0.8927/N(—13dB)
Bartlett 1.2827/N(—27dB)
Hanning 1.4427/N(—32dB)
Hamming 1.3027/N(—43dB)

Blackman 1.6827/N(—58dB)
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Bartlett’s Method: Periodogram Averaging
Let x;(n) are uncorrelated realizations of x(n) over 0 < n < L with
i=12...,K.

K
. o 1 A i 1 o o
E{Pocl &)} = 2 D PLE™) = =PI Wa()
i=1

Iape,(e"“) is asymptotically unbiased.
Assuming that data segments are uncorrelated;

Vor {Bur ()} = > Var {A()) = L ()
i=1

If K and L go to infinity Pg(e/) will be a consistent estimate of P, (e/*).
Resolution : 0.8927/L = (0.89K)2m/N indicating that it is K times poorer.
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Welch’s Method: Averaging Modified Periodograms

xi(n) overlaps by offsets of D points.

xi(n) = x(n+iD);n=10,1,...,L — 1 with an amount of overlap L — D points.
N = L+ D(K — 1) if segments cover the entire data points.

No overlap means K = N/L segments.

%50 overlap means D = L/2 and K = 2 (}) — 1 with the same resolution as
no overlap but doubling the number of segments averaged.

2

) 1 K—-1|L-1 )
Pw(e*) = —— w(n)x(n+ iD)e™“"
LU i=0 | n=0
5 15 50
Pu(e”) = ¢ X P()
D jw D jw 1 jw jw
E{Puw (&)} = E{Pu(e™)} = 55 P(e) + | W)

It is asymptotically unbiased.
Resolution is window dependent.

Var{ﬁw(aw)} ~ 2 Lp2(elv)
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Blackman-Tukey Method: Perodogram Smoothing
A(N —1) = x(N —1)x(0) : unreliable estimate

M
Per(e) = > A(k)w(k)e
k=—M
where M < N.

jw 1 A jw jw 1 r A ju j(w—u
Por(¢) = 5 Pou(&) 2 W(E) = o [ B () W(& )l

E{Por(*)} = %E{ﬁpe,(ej“)} L W(e™) = %Px(ej‘”) « Wa(&) « W(e*)

E{Por(e)} = 21 P.()  Wer (&™)

If M << N then wy(k)w(k) = w(k) an
E{Par(e)} = %Px(é'“) - W(e)

N . . M
Var { Per(e) | = P2(e™)y 32 w2(k)

Ahmet Ademoglu, PhD, Bogazici University, Institute of Biomedical Engineering

Power Spectrum Estimation



Performance Measures

VariabAiIity Resolution  Figure of Merit
= % Aw w=vAw
Periodogram 1 0.8937 0.8937
Bartlett ® 0.8927 K 0.892%
Welch (%50) ik 1.282" 0.722r
Blackman-Tukey %% % 0.43%7r
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Resolution of Periodogram for N = 20 and N = 64

A=5; w1=0.4*pi; w2=0.45%pi; K=50;

N=[20]; n=transpose([0:N-1]); W = transpose(linspace(0,1,2*N)); Pav = zeros(2#N,1);

for i=1:K,

v=randn(N,1); v = ( v-mean(v) )/std(v);

x=A*sin(n*wl ) + Axsin(n*w2) + v;

rx=conv(x,flipud(x))/(2*N+1);

j=sqrt(-1); ew = (-N+1:N-1); Ew = transpose(linspace(0,1,2*N))*ew; Ew=exp(-j*Ew*pi);

P= real (Ewkrx);

subplot(2,2,1) ;title(’Periodogram Traces for N=20’);hold;plot(W(2:end),10%logl0(P(2:end)));grid;hold;
Pav = Pav + 10*1loglO(P);

end;

Pav=Pav/K;

subplot(2,2,2);title(’Average of Periodogram Traces for N=20’);hold;plot(W(2:end),Pav(2:end));

N=[64]; n=transpose([0:N-1]); W = linspace(0,1,2*N)’; Pav = zeros(2*N,1);

for i=1:K,

v=randn(N,1); v = ( v-mean(v) )/std(v);

x=A*sin(n*wl ) + Axsin(n*w2) + v;

rx=conv(x,flipud(x))/(2*N+1);

j=sqrt(-1); ew = (-N+1:N-1); Ew = linspace(0,1,2*N)’*ew; Ew=exp(-j*Ewxpi);

P= real (Ewxrx) ;

subplot(2,2,3);title(’Periodogram Traces for N=64’);hold;plot(W(2:end),10%logl0(P(2:end)));hold;
Pav = Pav + 10*1loglO(P);

end;

Pav=Pav/K;

subplot(2,2,4) ;title(’Average of Periodogram Traces for N=64’);hold;plot(W(2:end),Pav(2:end));
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Multitaper Spectral Analysis
N—

Z nywi(n)e

n=0

P(e) =

where wi(n) is Discrete Prolate Spheroidal (Slepian) Sequences (DPSS).

P(e™) = = Z Pi(*)

DPSS Function

m=0

we is the cut-off frequency for the band [—wc,wc] in which the sequence w;(n)
has maximal concentration of its energy.

Slepian

o 100 200 300 400 500 600 700 800 900 1000
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Parameters for Generating DPSS Functions
N : The number of samples in the sequence
T : Duration of the sequence in sec
TB : Time-half-bandwidth product

The width of the main lobe Af = ¥ determines the spectral resolution in Hz

or Af = TWB in per sample

K : Number of tapers which can be determined as K = floor[2TB] — 1

As the time-half-bandwidth increases or the length decreases, the smoothness
increases and the resolution decreases.

MATLAB Function :  dpsf = dpss(N,TB,K);

Comparison of Multitaper and Periodogram Spectra

n = [0:319]’; N=size(n,1);K=4;TB = 2;
x = cos(pi/4*n)+randn(size(n));
TP= dpss(N,TB,K) ;
X= repmat(x,1,K);
PS = (abs(f£ft(X.*TP)))."2;
TP1= mean(PS,2);
TP1 =TP1([1:N/2+1]) ;
wi=linspace(0,1,size(TP1,1));
plot (wi, (TP1))
hold
PSO= (1/N)*(abs(fft(x)))."2;
TPO =PSO([1:N/2+1]) ;
wi=linspace(0,1,size(TP0,1));
plot(wl, (TPO(1:N/2+1)))
grid
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Effect of Time-half Bandwidth and number of Tapers on spectra

n = [0:319]°;

N=size(n,1);

x = cos(pi/4*n)+randn(size(n));
K=4;TB=2;

TP= dpss(N,TB,K);

X= repmat(x,1,K);

PS = (abs(£fft(X.*TP)))."2;
TP1= mean(PS,2);

TS(:,1) =TP1([1:N/2]) ;
K=10; TB=2;

TP= dpss(N,TB,K) ;

X= repmat (x,1,K);

PS = (abs(fft(X.*TP)))."2;
TP1= mean(PS,2);

TS(:,2) =TP1([1:N/2]) ;
K=10; TB=10;;

TP= dpss(N,TB,K) ;

X= repmat(x,1,K);

PS = (abs(fft(X.*TP)))."2;
TP1= mean(PS,2);

TS(:,3) =TP1([1:N/2]) ;
wil=linspace(0,1,size(TS,1));
plot(wi, (TS(:,1:3)))
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A signal sampled at 200Hz is analyzed with different tapers at different frequency
bands such that

Band Resolution  no. of tapers
0 — 25Hz 2.5Hz 1

25 —50Hz f+%10 2-3

50 —95Hz 5Hz 3

SR ; %Sample Rate
W % Duration of time window in sec
T = Total duration of signal in sec

N = T#SR; % total number of samples

x=filter([ 0.8 1 0.8 1,[1 -0.5 0.2],randn(N,1)); % data to be processed

delta_f = linspace(0,SR/2,1/TW);

t=(0:N-1)/SR; % Time index in sec

D = 0.05%SR; 7% sliding window overlap size in samples

L = TW * SR; % Number of samples in each window

MW =(N-L)/D ; % number of sliding windows

for i=0:MW, X(:,i+1) =x([1:L]+(i)*D); end;

Delta_f= [ ones(size([0:2.5:25]))*2.5 [25:25/18:50]%0.1 ones(size([50:5:100-5]1))*5 J;
Delta_F= [  ( ([0:2.5:25])) [25:25/18:50] ( ([50:5:100-51))1;

%L1=round (2*0.4*Delta_£f)-1; %

Li=floor(2*0.4*Delta_f)-1; % Time Bandwidth

FF = [Delta_f’ Delta_F’ L1’ (1:40)°’] ;

% FF = [Frequency increments Frequency values No. of Tapers Integer Index ]
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P =[1 find(abs( (diff(L1))))+1 1; % index for taper number

%Single TAPER for [0-25] Hz with delta_f = 2.5 Hz

TP=repmat (dpss(L,L1(P(1))/2),1,size(X,2));

PS1 = abs(£ft(X.*TP));

subplot(2,2,1) ;imagesc( (PS1(1:40,:))) ;axis xy ; title(’Single taper with 2.5 Hz Res.’)

% TWO TAPERS for [25-50] Hz with delta_f = 0.1*Frequency

TP= (dpss(L,L1(P(2))/2));

PS2 = abs(fft(X.*repmat(TP(:,1),1,size(X,2)) + X.*repmat(TP(:,2),1,size(X,2))));

subplot(2,2,2) ;imagesc( (PS2(1:40,:))); axis xy ; title(’2-3 tapers with 2.5-5 Hz Res.’)

% 3 TAPERs for [50-95] Hz with delta_f = 5 Hz

TP= (dpss(L,P(3)/2));

PS3 = abs(fft(X.*repmat(TP(:,1),1,size(X,2)) + X.*repmat(TP(:,2),1,size(X,2)) + X.*repmat(TP(:,3),1,siz
subplot(2,2,3) ;imagesc( ((PS3(1:40,:)))); axis xy ; title(’3 tapers with 5 Hz Res.’)

% Combined spectrogram with different resolutions in different bands

PS = [PS1(P(1):P(2)-1,:);PS2(P(2):P(3)-1,:) ;

PS3(P(3) :size(Delta_f,2),:)];

subplot(2,2,4) ;imagesc( (PS)) ; axis xy ; title(’Combination of spectra [0-25] [25-50] [50 95] )
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Minimum Variance Spectrum Estimation
gi(n) is an ideal band pass filter

‘G,—(ej“’)):{(l) D lw—wil <B/2

: otherwise

The filter output

Pi(e) = P.(&) ‘G;(ej“’)‘z

The power

{|y, /P (¢*)d ;T]Px(ejw)‘Gf(ej‘”)‘zdw

wi+A/2
. 2 _ i (AW w;j
E{nl} =5 [ P(e)do P
wi—A/2
Power Spectral Density at w; is P (&) = E{lAy’/zﬂ‘ !
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G(e) = 3 gime 4 = 1,
n=0
g = [g’(o)vgl(]')a .. gl(p)]H e = [17 eJWiv cee eJWiP]H

min {E {|y;(n)|2} = g,HRXg,} with constraint g,Hei =1

_ R7le . 2) _ 1
g — e;”;;;lle; and n;,n E{ly’(n)| } - e?’R;le,'

_ Rle
&= elR;le
1
ox(w)=E {\yf(n)IQ} =g"Rg= o'RTe

Minimum variance spectrum estimation of white noise with R, = o2l
_ Rile _ 1 A2 _ 1 1 2
&= eHR e pr1€ &iw) = eHRile p+19x

E{lyi(mP} o2 2r

Pe™) = A2r p+1A

. _ on B jwy _  p+l
Setting A = org We get Puv(€“) = erR;le
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MV estimate of an AR(1) process: x(n) = ax(n— 1) + w(

o2 =1

&M) ez PUe) = s

p* order minimum variance spectrum estimate is

D jwy p+1
Pt = GiriTe
R, = ﬁToep{l,a,...,a"}
1 —« 0 0 0
—a 140 —« 0 0
. 0 —« 1+a? 0 0
R, = .

0 0 0 R
0 0 1402 -« 1

e'Rile =24 &“(p—2)(1 4+ a?)e ¥ + —pa(e* + e )

P+1 jw
—p—oo P(€
24+ (p—1)/1+ a2 —2apcosw i ()
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Maximum Entropy Method
Extrapolate the rc(k) for [k| > p with the maximum entropy constraint i.e.
P.(e’*) as flat as possible.

P(¥) = D" r(k)e ™ + 3 r(k)e Ik

k=—p [k|>p
Entropy
H(x) = /InP (¢)dw
s
Constraint )
Pu(e) = > n(k)e™, |kl <p
k=—p

BH(X) _ 1 1 aP(e¥) 5 _
ar;();) = f =) ozl 9w =0, |kl > p

BF’X(?“" ejwk |k| >p

jwk wY sjwk _ —_
= f Pxejw)ej dw = 5- f Q. (e*)e dw =0 — gx(k) = 0 for |k| > p
-7
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Q) = 3 qulk)e "
S —
> qu(k)eik

1

k=—p
Using spectral factorization
by DO )P 5O
mem - i * iwy P - H 2
Ap(e/v)Az(ev) SO 1 4 ap(k)e—iwk|2 leMa,|
k=1
Normal Equations for a,
n(0) (1) - r5(p) 1 1
(1) ri(0) oorni(p—=1) a,(0) 0
: : : : T
Wp) H(p—1) - () 2»(P) 0

16(0)? = r(0) + z ap(K)r (k) = €
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MEM estimate of x(n) = A1e/*™ + w(n) A; =

R, = Pieiel + 021 where P; = |A;[?

-1_ 1 _ Py H — -1 - £ S N
R = oz [I 7+(p+1) eie; ap = R U = oz [ul U%(p“)Plel}
w 6p
Pmem(ej ) = = 2
o = T T P
— e u; — 27e1
a2, o5, +(p+1)P1
€p

€

mem(e] ) H > — 2
e’a P; f(w—w
| g (a ) ‘ L aﬁ,+(p1+1)P1 Wa(e/l 1)))‘

7
20 =1= () (1= zettam) — = [1+ %]

2 P.
7 1= o]

(1= s Waterm) |

Ismem(ejw) =

max {/Smem(eJ'W)} = Prem(1) ~ p2£ if Py >> 0?2
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Parametric Power Spectrum Estimation Methods

Autoregressive Power Spectrum Estimation

Ban(eiy— DO

g 2
> b(k)e Ik
Parma(€) = k:[; 5
‘1 + 3 5y(K)eiwk
k=1

Ahmet Ademoglu, PhD, Bogazici University, Institute of Biomedical Engineering

Power Spectrum Estimation



Autocorrelation Method (Yule-Walker Method)

r«(0) re (1) re(p) 1

(1) (0 - oK(p—-1) 3(0) |

s Ke-1) o 50 L)
(k) = ﬁN:;kx(nJrk)x*(n), 0,1,...,p,

o = [B(O)F* = r(0) + 32 ap(k)ri (K

Yule-Walker Method assumes that x(n) is an AR process.
Maximum Entropy Method assumes that x(n) is Gaussian.
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Covariance Method )
Forward prediction error er(n) = x(n) + Y ap(k)x(n — k) is statistically
k=1

minimized for p < n < N.

K1) (@21 o ndp) ap(1) r(0,1)
(12 n22) o e an(2) (0,2)
n(1,p)  5(@2p) o nlpp) ap(p) (0, p)

N—1
r(k, 1) = > x(n—1x*(n—k)
n=p
For short data records, covariance method yields higher resolution than
autocorrelation method especially when N >> p.

Modified Covariance Method

Forward and backward ey(n) = x(n — p) + Xp: ap(k)x(N — p + k) prediction
errors is minimized. !

Rk, 1) = 3 [x(n— Dx*(n— k) + x(n — p+ )x*(n — p+ K)]

Modified gg\fariance Method yields statistically stable spectrum estimates with
high resolution.
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Model Order Selection Criteria

AlC(p) = Nloge, + 2p
MDL(p) =  Nlogep,+ ploghN
FPE(p) = o nriy
P
— L N—j| _ N—p
CAT(P) - N-’; Ne;j Nep

«4O0> «Fr «=)» « =

v
Uy

DA




e(n) = x(n)+ > ap(k)x(n—k); n>0

k=1
x(0) 0 0 0
x(1) x(0) 0 0
x(p—=1) x(p—2) x(p—3) x(0)
§ () xp—1) x(p—2) x(1)
? X(N—1) x(N—2) x(N—3) (N — p)
x(N)  x(N—1) x(N—2) (N—p+1)
0 x(N)  x(N — 1) (N—p+2)
0 0 0 x(N)
= [x(1),x(2), . - -, x(N),0, ..., o7 ap =[ap(1),.. ., ap(p)]”
Autocorrelation Method : e, = x, + X,a, mm{e o (
Ry
xe = [x(p)x(p + 1), ..., x(N),0,..., 0] ap = [ap(1), ..., ap(P)]"
Covariance Method : e. = xc + Ypa, mm{e oo (YIY,) =
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AR(4) Process: x(n) = 2.7377x(n — 1) —

Spectrum Estimation U

Autocorrelation and Covariance Method

N=128; K=50; p=4; a = [2.7377 -3.7476 2.6293 -0.9224 ];

% Generate AR(4) process

w=randn(N,K) ; w=(w-repmat (mean(w) ,N,1))./std(w); for i=1:K,x(:,i) = filter(1,[1 -a],w(:,i));end;
% Generate Frequency Vector for Fourier Transform

j=sqrt(-1); Nw=100; ew = transpose(linspace(0,1,Nw)); Ew = ewx[0:p]; Ew=exp(-j*Ew*pi);
P_av=zeros(size(Ew,1),1); P_avc=zeros(size(Ew,1),1);

for i=1:K

% Autocorrelation Method and Power Spectrum Estimation

X= convmtx(x(:,i),p); x_p = [ x(2:end,i) ;zeros(p,1) 1; a_p = -X\x_p; e = std( x_p + X*a_p);
P=Ewx[1; a_p]; P = ones(size(P))./abs(P); P=(e*P)."2;
subplot(2,2,1);title(’Autocorrelation Method’) ;hold;plot(ew,10%logl10(P)); hold;

P_av = P_av + 10*1ogl0(P);

% Covariance Method and Power Spectrum Estimation

Yp = X([p:N-11,:); yp = x_p([p:N-11); a_p = -Yp\yp; e = std( yp + Yp*a_p);

P=Ew#*[1; a_pl; P = ones(size(P))./abs(P); P=(e*P)."2;

subplot(2,2,3);title(’Covariance Method’) ;hold;plot(ew,10%1logl0(P));hold;

P_avc = P_avc + 10*1loglO(P);

end;

subplot(2,2,1);grid;axis([0 1 -20 50]);subplot(2,2,3);grid;axis([0 1 -20 50]);
P_av=P_av/K; P_avc=P_avc/K;

% Power Spectrum Using real AR(4) parameters

P_a=Ew*[1; -transpose(a)]; P_a = ones(size(P_a))./abs(P_a); P=(1*P_a);
subplot(2,2,2);title(’Real and Aurocorrelation Estimated PSD’) ;hold;

plot(ew,[ 20%logl0(P_a) (P_av) 1);grid;axis([0 1 -20 50])

subplot(2,2,4);title(’Real and Covariance Estimated PSD’) ;hold;

plot(ew,[ 20%loglO(P_a) (P_avc) 1);grid;axis([0 1 -20 50]);
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Eigendecomposition Based Frequency Estimation
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x(n) = Ajelern 4 W(n) where A; = |Al‘€‘l¢7 and p((b) = i over [_71-’77]

re(k) = PLe™ + 02 5(k), Py = |Aq)?

R, =R, +R,,
R, = Py Toep{1, e/, &2 .  e(M-1)w1} and R, = a2l
ey =[1,e1, &2 . @l(M-Dwn]T
R, = Piese!l and rank(R;) = 1.

Rsel = MP1e1
Xi(Rs) = {P1,0,...,0} , v; = {e1,va,...,vpy} and el'v; =0
Ai(Ry) ={P1 + 02,02, .. ,UQW} ,vi ={e1,va,...,vy} and efv,- =0

Peform eigendecomposition of Rj.
Assign 02, = Amin and P1 = (Amax — Amin)/M

Determine w; using wi = ZVpmax(1)
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. M-1 ; .
ef'vi = Vi(e/¥) = 3 vi(k)e 7 and Vi(e/') = 0 because ef'v; = 0
A frequency estimation function can be defined as
Pi(ejw) = Tm—1 - T Ie“’{:;\2
> vi(k)emiwk
k=0

To overcome the sensitivity error to noisy estimate of r.(k) averaging is

'E’(e,w) =M :

> ailetv|’

i=2
~ For x(n) = A1 4 Ayel2" 4 w(n)
re(k) = Pre/*1% + P2k 4 52 5(k) and Ry = Prerell + Paesel’ + o2l
Ry = EPE" + 621 where E = [e1, 5] and P = diag{P:, P>}
A > X >N, > Ay
N——

signal noise
efvi=0;i=3,4,..., Mandellvi=0;i=3,4,....M
1

performed.

pey— L
(€)= % .
D aileflv
i=3
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For p sinusiods in noise

P M
R« = Z()\,s + ol )il + Z (o2 vl
i=1 i=p+1

Rx = VSSV:I + wavx
where Vs = [v1,...,Vp], Vi = [Vpi1, ..., vm], Vss = diag{\{ + 02} and
Vo = diag{c2}
N 1
P(e*) = Ty E— .
> ajletv
i=p+1
MUSIC Algorithm
M
6o =5 > Ak
k=p+1
e,ij:Ofor i=12...,pand j=p+1,p+2,.... M—1

1
Vi(z) = 3 vi(k)z™* has p zeros corresponding to signal frequencies.

k=0
R " 1
PMusic(eJ ) = v
> lefvi®
i=p+1
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Amplitude Estimation in MUSIC Algorithm

p
v,HRXv,- = v,H { > Pkekef +a§,|}v,- =X, i=12,...,p
k=1
e;'("v,- = \/,(e/“k)

1%
S PV )P =i -0k, i=1,2,...,p
k=1

2

Va(en)? [Va(e2)P? Vi(er)2 ] [ Py
[Va(e )2 [Va(ef2)? Va(en)2 | | P2 |
[Vo(en)? V()P o [Vp(er)2 | | Py
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MUSIC Spectrum of a signal with two sinusoids in Noise

A=5; w1=0.4%pi; w2=0.45%pi; N=[64]; K=50;n=[0:N-1]’; M=19;
NW=128; W = linspace(0,1,NW)’; Pav = zeros(NW,1); j=sqrt(-1);
for i=1:K,

v=randn(N,1); v = ( v-mean(v) )/std(v);

x=A*sin(n*wl ) + Axsin(n*w2) + v;

rx=conv(x,flipud(x))/N;

Rx = toeplitz(rx(N+[0:M]));

[V,Lambda] = eig(Rx);

Lambda = diag(Lambda) ;

ew = [0:M]; Ew = linspace(0,1,NW)’*ew; Ew=exp(-j*Ew*pi);
P= abs(Ew*V(:,1:end-4))."2; P=sum(P,2); P=ones(size(P))./P;
subplot(2,2,1) ;hold;plot(W(1:end) ,10%1ogl0(P(1:end)));hold;
Pav = Pav + 10x1loglO0(P);

end;

grid;

Pav=Pav/K; subplot(2,2,2);plot(W(1:end),Pav(l:end));grid
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Principal Components Spectrum Estimation

M P M
H H H
R, = E Aiviv; = E Aiviv; + E AiViv;
i—1 i—1 i=p+1
——

Rs

Blackman-Tukey Frequency Estimation Methods

R . M , M .
Por(e) = 3. A(kw(ke T = L 3> (M~ |k)A(k)e ™ = Le'Ree
k=—M

M ~ . p
= % Z )\,-\eHv,-|2 — PPC_BT(ejw) = % Z )\,-\eHv,-|2
i=1 i=1
Minimum Variance Frequency Estimation

L M
P(e¥) = ——
() eR e
P M ~ .
R =Y svvl + > Lvivf — Pec_mv(e”) = +—M—
i=1"" i=p+1 "' >+

i

Il
-

i
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Autoregressive Frequency Estimation
Generic Equation to solve — Ryay = emus and Ry is M+1x M+ 1

—1
ay = eMRX ux

B (o b(0)?
Par(e) =
Ar(€) eFay]?
21 21
apc = €pm Z yV,‘V,H u; = 6/\//2 yV,‘(O)*V,' =
i=1 i=1 "
A o 1
Par(e”) = — .
Za,-e”v,-
i=1
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