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Some concepts and illustrations in this lecture are adapted from
the textbooks,

Signals and Systems, 2nd Edition by Alan Oppenheim, Alan
Willisky and H. Nawab, Prentice Hall.

Applied Digital Signal Processing, Dimitris G. Manolakis & K.
Ingle, Cambridge.
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Nyquist Sampling Theorem
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Analog to Digital Conversion

xg[n] = %, (nT n] =y (nT,
C/D o[l =% { l Discrete -Time ¥a [0l = ye (0T} DIC ve )
X (t) e .
conversion System conversion
T T

C/D conversion

Conversion of
impulse train
| to discrete-time[ |
' sequence h
! ]
i

—4-3-2-10 1 2 3 4 n
Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineerin

Multirate Signal Processing



[e.9] [e.9]

xp(t) = D x(nT)3(t=nT) +— Xp(Q) = > xc(nT)e /2T

n=—0o0 n=—oo

Discrete Fourier Transform of Xy[n] is

(o) o0

Xa(w) = Z xq[n]e4n = Z xe[nT]e 5

n=—oo n—=—oo

Comparing X,(€2) and Xgy(w),
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When x.(t) is converted into x4[n], the time axis is scaled by 1/ T
which leads to a scaling of frequency axis by T,
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Reconstruction of x.(t) from x,(t)

xc(t) can be recovered from x,(t) by a LP filter H(Q2) with cut-off

T —Q./2<Q<Q./2
frequency Qs = 3 as H(Q) = { 0 oth:.{Wis_e =

h(t) = Si"T(:/t/TT) = sinc(+)

xc(t) = xp(t) * h(t)

x(t) = 3 xp(nT)3(t —nT)xsinc(£) = > xp(nT)sinc(=2T)
hy O ity o

xo(t)

'

r
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Reconstruction of x.(t) from x4[n]

Xe(t)
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Sampling and Reconstruction of Discrete Signals
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Downsampling by a factor of 2

The Fourier transform of a discrete sequence xg[n] is

Xelw] = 3 xa[n]le "

n=—oo

Downsampling xq4[n] yields a sequence xp[n] = {..., x4[—2], x4[0], x4[2], - - -

XD(w) =4 Xd[—2]jw + Xd[O] + Xd[2]eijw + ... = kzgoo Xd[2k]eij“)k

If we define xu[n] = Lxa[k] + (—1)*xq[K]
Xp(w) = ) 3 xu[2kle R = X, (w/2)

Xo(w) = 3 kzi_o:m[Xd[k] +(—1) xa[k]]e 7 = 3[Xo(w) + Xa(w — )]
Xp(w) = Xu(w/2) = 3[Xa(w/2) + Xa(w/2 — )]
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Decimator

Lowpass filter Sampling Rate Compressor

Ed[n] Gain=1 ufn) D xD[m]
T
T “=7 T To=DT

xp[m] = v[mD] = % hlk]xq[mD — k]
k=0

The continuous-time signal x.(t) can be perfectly reconstructed
from the samples xp[m] using the bandlimited interpolation
formula -

. in(r(t/TD—
xc(t) = xp[m] * sinc(t/ TD) = m:z_oo xp|[m) TR
Since xp[n] = xc(t)|¢=nT, perfect reconstruction of x,[n] is possible

xgln] = > xplm]=FGe-m)

m=—0o0
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Upsampling

Sampling Rate Expandsr I
iLUmJJﬂLL @dlr] o I l l

0 n

Sampling Sampling
period: period:
T T, =T/I

The upsampled signal x;[n] £ xc(nT;) = x.(nT/I)

We can obtain x[n] = x4[m] % = ?,E%)’)) = ; Xd[m]%

The interpolator function has the general property

sl = 5 xa[mlhln — mi], ”[”]:{é :i(:)tl,:lﬂl,...

m=—00

X(@) = 3 xmHW)e 7" = Hw) 3> xq[mle ™ = H(w)X(Iw)

m=—0oC m=—00
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We define x,[n] by inserting | — 1 zeros between samples of x4[n]
xo[] é{ gd[n/l] n : multiple of | s Xo(w) = X(Iw)

otherwise
Xa(w)
- 7 0 n 2 @
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Decimation and interpolation operations in time and frequency domains
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Tutorial for Interpolation of a downsampled

% Generate a signal as a sum of sinusiods
Nf=5; % number of sinusoids

Fs = 400; % Original sampling rate

Td=1; % signal duration

Af [10 6 5 4 3]’ ; /) amplitudes of the sinusoids
f =[5 810 12 20]; % frequencies of individual components in the signal
T =1/Fs; % sampling interval of the original signal

t = linspace(0,Td,Td*Fs)’; % time axis of the resampled signal

x = sin(t*2xpixf)*Af; % original signal sampled as a sum of the sinusoids

= 8 ; % downsample by a factor of D

td=1:D:length(x); % downsampled time index

L = length(td) ; % number of samples in the downsampled signal

M = length(t) ; 7% number of samples in the original signal

xd=x(td); % downsampled version of the original signal by a factor of D

% Convolution matrix of sinc interpolation function sampled at every T secs
S = sinc( (t*ones(1,L) - ones(M,1)*(td-1)*T)/(D*T) );

x_int = S*xd; % interpolated version of the downsampled signal

x_ups = zeros(size(x)); x_ups(1:D:end) = xd; % upsampled version of the downsampled signal
£1=100:200; 7% extracting a poriton of the signal for plotting
plot(tl,x(t1),t1,x_int(t1)); hold ; stem(tl,x_ups(tl))

o
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Fractional delay of a sample
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Sampling rate change by a fractional factor

Interpolator Decimator
o | sl
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. - . |
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0 min(F,5)<|w| <7
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Fractional delay of a sample

NO = 0.75 % amount of fractional shift of a sampling interval T

D =round(1/min([1-NO NO1)) ;

Fs1 = Fs*D; 7 Sampling rate after upsampling

T =1/Fsl; 7, sampling interval of the original signal

Td=1; % signal duration

n = [1:length(x)] ; % sampled original signal time index

t = linspace(0,Td,Td*Fs1)’; 7% time axis of the resampled signal
t_ups=1:D*length(x); % upsampled time axis

x_ups = zeros(size(t_ups)); x_ups(1:D:end) = x; % upsampled version of the original sampled signal
M = length(t_ups) ; ’% number of samples in the upsampled signal

L = length(x) ; % number of samples in the original signal

% interpolation functions sampled at every T/D secs

S = sinc( ( t*ones(1,L) - ones(M,1)*(n-1)*T*D ) / (D*T) ); % sinc((t-nT)T)
x_int = S*x; % interpolated version of the resampled signal

x_d = x_int(1+(round(D*NO)):D:end); 7% downsampled signal with a fractional delay

t1=1:30; % extracting a time interval for the original signal

% extracting the same time interval for the upsampled and interpolated signal

t2=[(D*(min(t1)-1)+1 ) :D*max(t1)];

£0=t1-1;

subplot(2,1,2) ;plot (t0/Fs,x(t1),t0/Fs,x_d(t1));hold ;stem(t0/Fs,x(t1)); grid ;hold

title([ ’blue :original, green: interpolated and delayed fractionally by ’ num2str(NO) ’ samples’ ] );
t0=t2-1;

subplot(2,1,1) ;plot(t0/Fs1,x_int(t2)); hold ;stem(t0/Fsl,x_ups(t2));hold;grid ;

title([ ’blue : interpolated and upsampled by a factor of ’ num2str(D) ’ samples’ ] )
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Fractional delay of a sample

blue : interpolated and upsampled by a factor of 4 samples
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Frequency spectra of an original, downsampled and interpolated signals

Nf=5; % number of sinusoids

Fs = 400; % Original sampling rate

Td=1; % signal duration

Af = [10 6 5 4 3]’ ; 7 amplitudes of the sinusoids

£ =[58 10 12 20]; % frequencies of individual components in the signal
T =1/Fs; % sampling interval of the original signal

t = linspace(0,Td,Td*Fs)’; % time axis of the resampled signal

x = sin(t*2xpixf)*Af; % original signal sampled as a sum of the sinusoids
= 8 ; % downsample by a factor of D

td=1:D:length(x); % downsampled time index

L = length(td) ; % number of samples in the downsampled signal

M = length(t) ; % number of samples in the original signal

xd=x(td); % downsampled version of the original signal by a factor of D

% Convolution matrix of sinc interpolation function sampled at every T secs
S = sinc( (t*ones(1,L) - ones(M,1)*(td-1)*T)/(D*T) );

x_int = S*xd; % interpolated version of the downsampled signal

x_ups = zeros(size(x)); x_ups(1:D:end) = xd;

o
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Frequency spectra of an original, downsampled and interpolated signals

Df = 800; % sampling rate of frequency spectrum

w = linspace(-1,1,Df);

% Estimating frequency responses

H_x = freqz(x,1,w*2*pi);

H_xups = freqz(x_ups,1,w*2*pi);

H_xd = freqz(xd,1,wx2%pi);

H_I = freqz(S(:,end/2),1,w*2xpi);

H_xint = freqz(x_int ,1,w*2xpi);

subplot(5,1,1); plot(w,abs(H_x));grid; title(’original spectrum’,’fontsize’,16)
subplot(5,1,2); plot(w,abs(H_xd));

grid;title(’signal spectrum downsampled by a factor of 8’,’fontsize’,16);
subplot(5,1,3); plot(w,abs(H_xups));

grid;title(’signal spectrum upsampled by a factor of 8’,’fontsize’,16);
subplot(5,1,4); plot(w,abs(H_I));

grid;title(’spectrum of sinc interpolating filter’,’fontsize’,16);
subplot(5,1,5); plot(w,abs(H_xint));

grid;title(’recovered signal spectrum after filtering by sinc interpolator’,’fontsize’,16);
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Sampling rate compressor

D—1 o
Sampling train : dp[n] = Z S[n— kD] =5 3 WD_k"  Wp = '
k=0
z—transform of sampled sequence v[n] = x[n]dp[n]:
o) o) 1 D—1 kn
V(z)= ¥ xlréplnlz"= 3 xlnl|5 X wp*]zn

n=—oo n=—o0 k=0

-3 § z Anl(Whz)~" = igxmz)

Upsampler output y[n] = v[nD] = x[nD] and its z—transform

Y(z)= > v[pD]z7"= 3 v[m]z*m/D = V(zl/D) =
Sampling rate expander
o] = X[n/l] n=0,%/,+£2/,...
otherwise

The zftransform of the output

(e} OO
Y(z)= Y x[n/l]lz7"= > x[m]z—™ = X(Z')

n=—o00 m=—o00
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Multirate identities: Interchangibility of up or down sampling with filtering

x[m] v1fm] V] x[n]

va[n]

yIm]

D H(?) —

xfn] vin] yim] x[nl

H(z) 11 —

H(zP)

D

vam]

yim]

1

H()

D—1
Y(z) = H(z)Vi(z) = H(z) 3 kgjﬂ X(Whz/P) =
Va(z) = H(zP)X(n) and Y(z) = & ié}l Va(Whz1/P)

D—1
Y(2) = H(2) % EO X(WEz/ P since H(WEPzP/P) = H(z)

Vi(z) = H(z2)X(z) and Y(z) = V4(z') and Y(z) = H(z)X(z')

Vo(z) = X(2') and Y(z) = H(z')Va(z) and Y(z) = H(z)x(z))
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Polyphase Filters

An FIR filter with N = ML is realized with M filters each having lenght L as for
instance

N=6and M =2

H(z) = h[0] + h[l]z*1 + h[2]z*2 + h[3]z*3 + h[4]z*4 + h[5]z*5

= (h[O] + h[2)z72 + h[4]z—4) +2z71 (h[l] + h[3]z72 + h[s]z—4)

H(z) = Po(2%) + z71P1(2?),

In general,
pk[n] £ h[nM + k], k=0,1,2,...,M — 1

M—1 L—-1
H(z) = kgo z*kPk[zM], Pi(z) = n;o Pi[n]z="

Polyphase Decimation Polyphase Upsampling
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Perfect reconstruction filters

Condition for perfect reconstruction: y[n] = Gx[n — n4] = Y(z) = Gz~ " X(z)

Analysis Filter Bank Synthesis Filter Bank

Xo[n]

volr]

xin]

B=il
Input and output of upper channel using v(z) = 5 > X(W5z'/P) and Y(2) = X(2')

W(z) = %HQ(ZI/Z)X(ZI/Z) + %HO(—Z(1/2))X(—Z]'/2)
Yo(z) = Vo(z?)Go(2)
Yo(z) = 3[Ho(2)X(2) + Ho(—2)X(~2)]Go(2)

Input and output of lower channel
Vi(z) = [H(zV/)X(2/?) + Hi(=2/?)X (=2/2)]
Yi(z) = Vi(z2)Gi(2)
Yi(z) = 3[Hi(2)X(2) + Hi(~2)X(~2)]Gi(2)

Y(z) = 3[T(2)X(2) + A(z)X(—2)]
T(z) = Ho(2) Go(z) + H1(2)G1(2) A(z) = Ho(—2)Go(z) + Hi(—2)G1(2)

Aliasing phase / magnitude distortion
T(z) = Ho(2)Go(2) + H1(2)Gi(z) = Gz~ "d  A(z) = Ho(—2)Go(z) + H1(—2)G1(z) = 0
Perfect reconstruction condition:
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i i | &3 =] %"

amplitude of input signal.

Synthesis filters

Go(2) = ZryHi(=2). Gi(z) = —E 5 Ho(—2),

Am(z) = Ho(2)Hi(=2) — Ho(=2)H1(2) = —Am(-2)

Perfect reconstruction conditions:

2" Hy(z)Go(z) + 2" H1(z)Gi(z) =2  Since Hi(z) = Go(fz)Am(fz)%(fz)"d
R(z) R(=2)

Polyphase decomposition of R(z) = Ro(z?) + z~'R1(z?) with PR yields

Ro(2%) + z7 R1(22) + Ro(22) — z71R1(2%) = 2 or Ry(z?) = 1 which makes R(z) a

half-band filter i.e. F~![rectangular filter with cutoff 7 /2]

Design of a two-channel PR filter bank

m Obtain an R(z) satisfying R(z) = 1 + z~ 'Ry (2?)
m perform the factorization R(z) = z"d Hy(z) Go(z)

} Setting G = 2 preserves the

m assign the remaining filters from Gy(z) = %Hl(—z),Gl(z) = —%H@(—z)
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Quadrature mirror filter (QMF) banks

Design a low-pass filter H(z) and then determine the filters in the bank as;
Ho(2) = H(z), Hi(z) = H(-2z)
Go(z) = H(z), Gi(z) = —H(—2)

Time and frequency domain characteristics :

holn] = hln] T Ho(w) = H(w)
mlnl = (-1)"hln] T Hy(w) = H(w — 7)
goln] = hln] T Go(w) = H(w)
gilnl = ()™l TH Hy(w) = —H(w - )

Since Hp(w) = Hi(w — 7), w — w + 7/2, leads to |Ho(w + 7/2)| = |Hi(7/2 — w)|
Symmetric about quadrature frequency 27 /4

Perfect reconstruction property

A(z) = Ho(—2)Go(2) + Hi(—2z)Gi(z) = H(—z)H(z) — H(z)H(—z) =0
T(2) = Ho(2)Go(z) + Hi(2)Gi(2) = H*(z) — H*(~2)
Am(z) = Ho(2)Hi(—2) — Ho(—2z)Hi(z) = H?(z) — H?*(—2)
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Polyphase decomposition

H(z) = Po(2%) + z=1P1(2?)

T(z) = Am(z) = 4z 1Py(22)P1(2?)

If Po(z%) = bpz=" and P1(z%) = bjz—™

then FIR PR filter is a pure delay

H(z) = boz?™ + byz—(m+1) byt it has not much of a practical value.

il

Power complementary filters

A low pass filter with linear phase (Type | or Il) H(w) = A(w)e™“M/2 has even
symmetry

T(w) = H2(w) — H3(—w) = e M [|H(w)2 = (~1)M|H(w - m))]

M = 0 causes T(w) = 0 leading to severe amplitude distortion.

Choose M odd (Type Il FIR)

T(w) = e M [|HW)? + [H(w — m)2)] = e=5M[|Ho(w)[? + | Ha(w) )]
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|Ho(w)? + [Hi(w)[?) = 1
No exact solution other than H(z) = boz2M0 + by z—(2m+1)
An approximate solution is obtained by

™ s

J= a/ |H(w)|?dw + (1 — a)/(l — | T(W)[})dw, 0 < a < 1

Ws 0

aliasing perfect reconstruction

Analysis filters Magnitude distortion function

0.05
0
3 20 3
Fi 70
a a
40
A ATAR
0 02w 05 07w o« 0 02% 05 07% o=
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