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Eigenvalue Problem : Av = \v

>
=
o
o

0 X 0
A[vl vy - vN]:[vl Vo - VN] : : . :
0 0 - My
AV =VA — A =VAV!
-1 A 1 1.
f(A) =VF(A)V e :I+ﬁA+§A R

Characteristic polynomial

IM—A =AY $a AV b ay A ay =0
Every matrix satisfies its characteristic equation

AV 4+ AN Ay At ay =0
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TRACE of A

Trace(A) =) aji

Useful ldentities

m Trace(AB) = Trace(BA)

m Trace(ABC) = Trace(CAB) = Trace(BCA)
m x' Ay = Trace(yx"A)

m Trace(A) = >\
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Singular Value Decomposition

Every matrix A can be decomposed into
Am><n — UmesznVZ—Xn

eig(AAT) = UDUT — U : left eigenvectors
UI-TUJ' = (5,1 —ut=u"

eig(ATA) = VDVT —; V: right eigenvectors
v,-ijzé,-J-—>V_1:VT

¥ : singular values — X2 =D

vi —
o1 0 .
up u, Uri1 um ) T
A . v/ —
= . : . vl
. . or r+1
0 0 :
vn! -
Col(A) Null Space
e N——
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Special Matrix Products

Kronecker Product of A and B

annB -+ anB
AR B= : :
ayiB -+ awnB
Hadamard Product of A and B
aubin - awwbin
AG®B= : :
anibnr - annawnn

Khatri-Rao Product of A and B
AxB=[ A(:1)®B(;1) A(;2)®B(;,2)... A(;N)®B(:;,N) |
Vectorizing A
vec(A) = [ AT AT o AGN)T )T
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Kronecker Properties

B (VeC)l=vigC!
s (A®B)(C®D)=AC®BD

= (A®B)" =(AT®B’)

m Tr(A"B) = vec(A) " vec(B)

m vec(Y)T(V®C) tvec(Y) = vec(Y)"V1 ® Clvec(Y) =
THC-1Y TV-1Y]

|V ® Cl _ |V|rank(C)|C|rank(V)

vec(ABC) = (CT ® A)vec(B)

Tr[A @ B] = Tr[A] Tr[B]

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

Matrix Calculus



Definitions

0000000 @00000000000000000000

@f(x)
If f(x) is a scalar; aaxf(x) — | %= f(x)
70
If f(x) = [A(x) f2(x) - - - fm(x)] then
@f(x) aixlfl(x) a‘?q f(x)
g | 0 | | )
o T (%) o 1(X) g ()
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Taylor Expansion of Multivariate Functions

1
f(x 4 0x) = f(x) + g’ ox + EéxTH(Sx + -

352‘) Pf(x) | 9*F(x)
OF (x) ax2 Dx10xN
df (x Oxp d . .
g = d(x) —_— . , H = d—i : . :
: 8%f(x) 8%f(x)
af(x) OxnOx1 U 8)([%/
Oxy
g: Jacobian H: Hessian
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Matrix Derivatives

] 8"aTXA" = %Av + %ATU
— %Ax =A" and %XTA = A and %XTAX =(A+AT)x

[ %tr(Y) = tr(%Y)
0 wy—1 _ — o) —

s 2y =Y (2y)y

m Ftr(Y)=tr(;%Y)if Y =X — Ftr(X) =1

n Jtr(AX) = AT

m Str(XTX) = 2xT

m F (X = XX T

m Flog|X|=X"T

n Jtr(AX71B) = - X"TATBTX" T
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n
auaAv_>ax ZZU’AUVJ Zzau'AuVﬂL ZZU, uax

16)
e ZAUVJ"'Z T ZA,-ju,-
1

— agAv +5VAT

oxX
377()() } _OXij_
I z OXmn
o — Oxi __ Oxji __ 3 oxii
fm=n=i then O = oy = 1, otherwise T = 0
Z Bx,, 8Tr(x)
8xm,, - oX
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aT’(?);((_lB) — _X-TATBTX T
Z aip{x_l}quqi == Z dip Z{X_l}prxrs{x_l}sqbqi
i,p,q i,p,q rs 5
OTr(AX~1B Xr
T = = D 2 (X g = (X Mg =
ip,g IS

- Z aip{x_l}pm{x 1}nq qi

i,p,q
:—Z{AX N im{X7IB}, = Z{x TAT} i{BX T} =
—X~ TATBTX T
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Inverse and Determinant

X 1= ﬁadj(X)
adj(X)" = cofactor(X)
Cjj : cofactor(X);;

Cj = (_1)i+j/\/]..
Mi;; : Minor(X);

M;; = |X| with ith row and jth column deleted

n
IX| = Xi1Ci1 + Xi2Cio 4 - - - + XinCin = > X G
=1

[%} y = a%k,{x,'l Ci1+ XipCin + -+~ X,',,C,',,}, choose i = k

B%M{Xkl Chk1 + Xk2Cha + - XknCn} = Cy = cofactor(X)u

IX -
= xix
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MATRIX INVERSION LEMMA

Some Useful Identities

(1+P)1=U+P) X1 +P—-P)=1—-(1+P)"IP (1)
P+ PQP =P(1+QP) = (1+ PQ)P
(1+PQ)~'P =P(1+QP)! (2)

(A+BcD)* = (A[1+A-BCD]) " =[1+A1BCD] Al

calling P = A~!BCD and using (1)

[I - (l + A*lBCD>_1A*1BCD]A*1 =A-!—(I+A-'BCD)-'A-!BCDA!
calling P = A—! and Q = BCD and using (2)
(A+BCD)"!=A-1_A-1(1+BCDA-1)~!BCDA!

Using (2) again (A+BCD) ' =A-1—A-1B(l+CDA-1B)~!CDA"!

or (A+BCD)"*=A-!_-A-1BC(I+ DA-1BC) !DA"!
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Woodbury ldentity

In a special case where B—u, C=1, D = vH
the Matrix Inversion Lemma leads to

Hy-1 _ p—-1 _ A~'wA"!
(A+u’)™ =A" - S

Efficient way to compute the determinant

Suppose A is an invertible n-by-n matrix and U, V are n-by-m
matrices. Then

IA+UVT| =1, +VTAIU|A|

Given additionally an invertible m-by-m matrix W, the relationship
can also be expressed as

A+ UWVT| = W1+ VTA-1U||W|A|
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Inverse and Determinant with Submatrices
A c] ' [Al14AICFp'BA-l —A-ICFp!
B D - —Fp'BA-! Fp~*

_ Fa~t —Fp~'cD™!
| —C"'DFA,~! D !4+ D !BF,lCD!

Fa =[A— CD"1B] Fp = [D — BA—I(C]

where Fp and Fp are the Schur's complement of A and D, respectively.
Determinant of a block diagonal matrix is

A C A 0 | A-1lC -
‘B D’:HB IHO DfBA—1C”:|A"|D_BA IC| = |A| - |Fp|
A c | C A_CDle 0 ~

‘B D‘:HO D}{ D-!B |”:|D|-\A7CD 1B| = |D| - |Fal

. A C A X
It follows by the assignment |: B D :| = |: xT _p-1 ] that

|A +XDXT| = |A|-|D| - D! + XTA-1X]
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of a matrix A or a vector a

m Lo Norm : ||Allo = 3 ay]°

ij
m L; Norm : ||A|| =Z|afj|
ij

m Lo Norm of a vector a — [[al. = /> a2
\V

m Frobenius Norm of a matrix A — [|A|[r = /> a;
i

m Lo Norm : ||A||cc = max|ajj]
if

m [>1 Norm of a matrix A = Z [|A(7, 2)]|2

m L1 Norm of a matrix A = /Z [AG, )T

m Nuclear norm of a matrix A ||A||. = Z Ai A\i = {singular values of A}

I
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Solution of Linear System of Equations Ax = b

a11X1 + aipxo + -+ - + AaimXm

az1Xy + axpXxo + -+ - + amXm

an1X1 + an2Xo + -+ - + apmXm

Amxnxn = by
m Least Squares Solution
m Minimum Norm Solution

m Regularized Least Squares Solution
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Solution of Linear System of Equations Ax = b

m m < n Overdetermined Case — Least Squares Solution
2 |Ax —b]2 =0,
2 (xTATAx —xTATb —bTAx + bTb) =2ATAx—ATb—ATb=0
x=(ATA)~1ATb
If %(Ax — b)TW(Ax — b) = 0 then it is Weighted Least Squares Solution
x = (ATWA)"1ATWb
m m > n Underdetermined Case — Minimum Norm Solution
£ (x x + AT (Ax — b)) =2x+ATA=0and A= —2(AAT)"1b
x=AT(AAT)"1b
m m > n —> Regularized Least Squares Solution
% (\Ax —b|? + ,uxTx> =0
xu = (ATA+ pul)~'ATb
m m > n —> Smoothness Regularization
% (\Lx|2 + AT (Ax — b)) =0, L: The Laplacian Operator
x=(LTL)"'AT(A(LTL)"!AT)"1b
m m > n — General Minimum Norm Solution with Constraint Cx — d
9 (|Ax — b2+ AT(Cx—d)) =0 — x =7
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A 2D INVERSE PROBLEM WITH SMOOTHNESS CONSTRAINT

A 2—D image vectorized as x is transformed through a spatial transfer
function L and observed as v. The inverse problem to estimate x from
v = Lx is usually a heavily underdetermined system whose regularization
requires choosing the smoothest possible solution by minimizing the cost
function

L=(v—Lx)TC; (v —Lx) + \Xx"M"Mx

where L is the 2-D Laplacian operator minimizing the output of the
spatial high-pass portion of the signal and the error e = v — Lx is
multivariate normal i.e. (0, C.)
The optimal solution is given by
T=(LTC;'L+ \MTM)1L7C !
or by using the Matrix Inversion Lemma
T=M"M)ILT(L(M"M)~ILT +AC,.)!
(See the following MATLAB code for its implementation).
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% SIMULATION OF A 2D INVERSE PROBLEM WITH SMOOTHNESS + DEPTH CONSTRAINT
DIM = [32 32 1]; S = 40; % number of sensors
Gain=1; X = zeros(DIM(1),DIM(2));
RANGE = round ( [DIM(1)/6+[1:5]  DIM(1)/1.5+[1:6] 1 );
X( RANGE,RANGE) = 1; % create an image
X = spm_conv(X,3,3); % smooth the image
L = Gain*randn(S,DIM(1)*DIM(2)); % Generate Lead Field Matrix
V = L*X(:); % Calculate the forward problem to obtain the sensor data
=V + randn(S,1); % V + E : Add noise to sensor data
C_e = eye(S,8); % Noise covariance
% Inversion : V = LX + E, Minimize { (V - L*X)"T*C_e_inv*(V - L*X)"T + lambda*X T*HTH*X }
% HTH : a priori constraint, C_e_inv : Inverse of the noise covariance matrix E distributed as N(0,C_e)
% T = inv(L’*C_e_inv*L + lambda*HTH)*L’*C_e_inv
% HTH : Laplacian Operator
% Calculate the Adjacency matrix of the 2D data
mat = reshape([1:DIM(1)*DIM(2)],DIM(1),DIM(2)); % neigboring graph
[r,c] = size(mat); %# Get the matrix size
diagVecl = repmat([ones(c-1,1); 0],r,1); J%# Make the first diagonal vector
%#  (for horizontal connections)

diagVecl = diagVecl(l:end-1); %# Remove the last value

diagVec2 = ones(c*(r-1),1); %# Make the second diagonal vector

%#  (for vertical connections)

adj = diag(diagVecl,1)+... %# Add the diagonals to a zero matrix
diag(diagVec2,c);

adj = adj+adj.’ ; %’# Add the matrix to a transposed

M = (adj - 4xeye(size(adj))); % Laplace operator
W = eye(size(M)); % no depth weighting %W= diag((diag(L’*L).~( 0.5))); % Depth Weighting
MW = M*W; % combined prior : Laplace + Depth Weighting
HTH_inv = pinv (MW’*MW); lambda = 1.5;
= HTH_invL’*inv(L*HTH_inv#L’> + lambda * C_e); % Using Matrix Inversion Lemma
X_e = reshape(T*Vn DIM(1), DIM(2)), X_1s = reshape (plnv(L)*Vn DIM(1), DIM(2)),
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Questions for Self Study

Show the following relations:
ma'b=tr(ba”)

m tr(AB) = tr(BA)

n 2 setr(Y) = tr(z; 2Y)
. 8‘9)(75( )—tr(a‘Z(Y)
] 8‘2( tr(X) =

m S tr(AX) = AT

m Ztr(XTX) = 2XT
m % log|X|=X"T

m 2 Trace[ATX1B] = - X TAB"X~T
Show that the determinant of a matrix A is the product of its eigenvalues i.e.

|A| =TI

Using Matrix Inversion Lemma and Kronecker properties
-1
(V1—1 ® chl—lx + V2—1 ® C2—1) (V1_1 ® chl—l)
= (V@ CXT) (V@ XCXT +V, @)
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Questions for Self Study

Show that the eigenvectors v; of a symmetric matrix A are orthogonal if its
eigenvalues are distinct i.e. A\; # ;.

Compute f = sin(A) where A is given as A = { 31 _31 ]

Show that

[@ Show that the maximum likelihood solution for i.i.d. data x1,x2,...,xy, of
mean and covariance are;

g;’: = J = UT for a transformation given as x — p = Uy

N
1 1
BML= 7 2 Xn and =g
n=1

M=

(xn — 1) (xn — )7
1

Show that the optimal solution for £ = (v — Ax)7Co (v — Ax) + AxTLTLx

is given by x = (ATC1A + ALTL) AT C 1w,

Bl Reexpress ||X]|3,| X|\i2, [IX]|2,1 so that they can be differentiated with respect
to X and determine these derivative expressions.

Example :

[|X||3 = trace(XTX) and %);”% =2xT

El Prove the identity
(LTXL4+Y)"ILTX = Y-ILT (LY ILT 4 X—1)-!

n

[~
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Multivariate Gaussian Distribution

VOBV E o
N(X|M7Z):We 2(X u)'x

Y(x—p)

Geometry of Multivariate Gaussian

us 2 _ o Ty —1(y
X o AW A —(XD ) "ET(x = )

L yl= /\liu,-u,-T

=1
yYi = u; (X - H)

2
A% =33
X1 I;l i

Show that E{x} = u for a Multivariate Gaussian.

= T 1(x— 1 _1l,ly-1
E{x} = IWG L(x—p) (x “)XdX:fWe 1z 2(z + p)dz
—1,75y-1, 1 _1,Ty—1
= Gprmne ¥ et Gappppae T fdz=0tul=u
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Show that Var{x} = X for a Multivariate Gaussian

|
D |

Y= Z)\uu x—u:Uy:Zu,-y,- g—;f:Jij Uji, 9] =|UT|since UT =U"?

i=1

U'U=1land [UTU| =
Also p(y) = [J|p(x)

E{(x—pw)(x— )T} = / W e 20 I 0 (o — py(x — 1) T dx

= |8X’ |dyj or dx = |J|dy = dy

o

_ Y

1
2
/§ u;yiyju; k=17 dy

H
Il
y\

(27)P/2 1‘[ )\

2

/ 1/2 uruf [ yfe dy1 S
(2m)0/2 H AL

2 1 2
ke 2L a1 D
{ugu;/e*ldyl/‘yzzekzdyg...] + -+ [uDuE/e*ldyl.../yée*DdyD}

D
= uiuy Tha+ uzu) Tho+ - =X Aujul =%

+
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Maximum Likelihood Estimation

1 1 1 _
P = o7 7 exp{ = 5(x = 1) TE T (x — 1) pox

log-likelihood of a multivariate Gaussian distribution
log p(x|11, T) = — 2 log(2r) — 4% — 1(x — i) =L (x — p)

| 1
aogf()() - ‘E%HTZ*HXTZ—&—xTZ‘lu] =0—=x=p
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Maximum Likelihood Estimation

Given i.i.d. data X = (x,X2,...,xy)" the log-likelihood function
is given by

ND N N
inp(X]1, ) = ~ 52 n(2m) S 2~ 2 3 (x4 TE )

n—l
N N

9 _ 1
@'“P(Xmaz)zzz l(X—M)ZO—wm/:Nan
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Self Study : Determine p(y) " p(y|x)p(x)dx
ply|x) = N(y[Hx, A=1) and p(x) = N'(x]0, ™)
Al T _ _1.T

) = (27r)*’V/2|/\|1/2(27r)*"”/2|d>|1/2 fe 2 y=Hx) " Ay —Hx) ;— 5 x" &x 1
yT/\y + xTHT AHx — yT/\HX — XTHT/\y + xTdx
Let's have the x terms to be a complete square as (x — mX)T/\X(x — my) and identify Ay and my as
Ax = HTAH 4 @ and Axmy = HT Ay or me = A7 HT Ay
Then all the terms can be reexpressed as
xTAex — y TAHAZ Y Aex — xTAMTTHTA —y + mT Aemy — mT Aemy + y T Ay

~——— ~————

T mx
My

Then the first 4 terms can be reduced to (x — my)T Ax(x — my)

and the last two —(y T AHAZ DA THTAY) + yTAy = yT(A — AHAZEHT A)y
The integral over the x terms yield | ei%(xim")TAX(XimX)dx = (2m)M/2|p, |7 1/?

and the remaing y terms form a m.v. gaussian with

Ay = A= AHAZTHTA = A — AH(® + HTAH) TLHTA = A — AH(I + o THTAH) “to—1HT A
By using Matrix Inversion Lemma (A + BCD) ™! = A=Y — A=1B(1 + cDA™1B)~1cDA™?
withA — A"} B — H,C — & Land D — HT

Ay = (A4 HO—IHT)—L

ply) = (2m)” 2 N3 @)~ Jof/2em 3V (am)
IATHIOT Y[ Axl = [ATH|OTH[HTAH + o]

Using the identity |A+ XDXT | = |A| - |D| - [D~! + XTA—1X]|

with A — A™1 D — &=L, X — Hweget [AH[0 T [HTAH + |71 = A1 4+ HOTTHT | = [AS?

Mo
2 Ay 71/2

_ —1,Tp
ply) = (@m)~N/2|A, o727 Y
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