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A =


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
am1 am2 · · · amn

 =

 a1y
a2y

. . . any


B =


b11 b12 · · · b1r
b21 b22 · · · b2r
...

...
. . .

...
bn1 bn2 · · · bnr

 =

 b1y
b2y

. . . bry
 =


b̂1 −→
b̂2 −→

...

b̂n −→


Product of Matrices

AB = a1y
b̂1 −→ + a2y

b̂2 −→ + . . .+ any
b̂n −→=

n∑
i=1

ai b̂i

{AB}ij =
∑
k

aikbkj
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aTBc =
∑
i

∑
j
aibijcj

ABC =

 a1y
a2y

. . .

 b11 b12 . . .

b21 b22 . . .
...

...
...


 c1 −→

c2 −→
...


= b11a1y

c1 −→ + b12a1y
c2 −→ + b21a2y

c1 −→ + . . .
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Eigenvalue Problem : Av = λv

A
[
v1 v2 · · · vN

]
=

[
v1 v2 · · · vN

]


λ1 0 · · · 0
0 λ2 · · · 0
...

...
. . .

...
0 0 · · · λN


AV = VΛ −→ A = VΛV−1

f (A) = Vf (Λ)V−1 eA = I+
1

1!
A+

1

2!
A2 + · · ·

Characteristic polynomial

|λI− A| = λN + a1λ
N−1 + · · ·+ aN−1λ+ aN = 0

Every matrix satisfies its characteristic equation

AN + a1A
N−1 + · · ·+ aN−1A+ aN = 0
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TRACE of A

Trace(A) =
∑
i
aii

Useful Identities

Trace(AB) = Trace(BA)

Trace(ABC) = Trace(CAB) = Trace(BCA)

xTAy = Trace(yxTA)

Trace(A) =
∑
i
λi
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Singular Value Decomposition

Every matrix A can be decomposed into
Am×n = Um×mΣm×nVT

n×n

eig(AAT ) = UDUT −→ U : left eigenvectors
uTi uj = δij −→ U−1 = UT

eig(ATA) = VDVT −→ V: right eigenvectors
vTi vj = δij −→ V−1 = VT

Σ : singular values −→ Σ2 = D

A =

 u1 . . . ur ur+1 . . . umy ...

y y ...

y



σ1 0

. . .

σr

0 0





vT1 −→
...
vTr −→
vTr+1 −→
...
vnT −→


Col(A)︸ ︷︷ ︸ Null Space︸ ︷︷ ︸
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Special Matrix Products

Kronecker Product of A and B

A⊗ B =

 a11B · · · a1NB
...

. . .
...

aN1B · · · aNNB


Hadamard Product of A and B

A⊙ B =

 a11b11 · · · a1Nb1N
...

. . .
...

aN1bN1 · · · aNNaNN


Khatri-Rao Product of A and B

A ∗ B =
[
A(:, 1)⊗ B(:, 1) A(:, 2)⊗ B(:, 2) . . . A(:,N)⊗ B(:,N)

]
Vectorizing A

vec(A) =
[
A(:, 1)T A(:, 2)T . . . A(:,N)T

]T
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Kronecker Properties

(V ⊗ C)−1 = V−1 ⊗ C−1

(A⊗ B)(C⊗D) = AC⊗ BD

(A⊗ B)T = (AT ⊗ BT )

Tr(ATB) = vec(A)T vec(B)

vec(Y)T (V ⊗ C)−1vec(Y) = vec(Y)TV−1 ⊗ C−1vec(Y) =
Tr [C−1YTV−1Y]

|V ⊗ C| = |V|rank(C)|C|rank(V)

vec(ABC) = (CT ⊗ A)vec(B)

Tr [A⊗ B] = Tr [A]Tr [B]
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Definitions

If f (x) is a scalar; ∂
∂x f (x) =


∂
∂x1

f (x)
∂
∂x2

f (x)
...

∂
∂xn

f (x)


If f (x) = [f1(x) f2(x) · · · fm(x)] then

∂
∂x f (x) =


∂
∂x1

f (x)
∂
∂x2

f (x)
...

∂
∂xn

f (x)

 =


∂
∂x1

f1(x)
∂
∂x1

f2(x) · · · ∂
∂x1

fm(x)
∂
∂x2

f1(x)
∂
∂x2

f2(x)
∂
∂x2

fm(x)
...

...
. . .

...
∂
∂xn

f1(x)
∂
∂xn

f2(x) · · · ∂
∂xn

fm(x)


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Taylor Expansion of Multivariate Functions

f (x+ δx) = f (x) + 1
1!

N∑
j=1

∂f (x)
∂xj

δxj +
1
2!

N∑
i=1

N∑
j=1

∂2f (x)
∂xj∂xj

δxiδxj +

1
3!

N∑
i=1

N∑
j=1

N∑
k=1

∂3f (x)
∂xj∂xj∂xk

δxiδxjδxk + · · ·

f (x+ δx) = f (x) + gT δx+
1

2!
δxTHδx+ · · ·

g = df (x)
dx =


∂f (x)
∂x1
∂f (x)
∂x2
...

∂f (x)
∂xN

 , H = dg
dx


∂2f (x)
∂x21

· · · ∂2f (x)
∂x1∂xN

...
. . .

...
∂2f (x)
∂xN∂x1

· · · ∂2f (x)
∂x2N


g: Jacobian H: Hessian
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Matrix Derivatives

∂uTAv
∂x = ∂u

∂xAv +
∂v
∂xA

Tu

→ ∂
∂xAx = AT and ∂

∂xx
TA = A and ∂

∂xx
TAx = (A+ AT )x

∂
∂x tr(Y) = tr( ∂

∂xY)

∂
∂xY

−1 = −Y−1
(

∂
∂xY

)
Y−1

∂
∂X tr(Y) = tr( ∂

∂XY) if Y = X −→ ∂
∂X tr(X) = I

∂
∂X tr(AX) = AT

∂
∂X tr(X

TX) = 2XT

∂
∂X |X| = |X|X−T

∂
∂X log |X| = X−T

∂
∂X tr(AX−1B) = −X−TATBTX−T
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∂uTAv
∂x = ∂u

∂xAv +
∂v
∂xA

Tu

∂uTAv
∂x −→ ∂

∂xm

∑
i

∑
j
uiAijvj =

∑
i

∑
j

∂ui
∂xm

Aijvj+
∑
i

∑
j
uiAij

∂vj
∂xm

=
∑
i

∂ui
∂xm

∑
j
Aijvj +

∑
j

∂vj
∂xm

∑
i
Aijui

−→ ∂u
∂xAv +∂v

∂xA
Tu

∂Tr(X)
∂X = I

∂Tr(X)
∂X = I −→

∑
i

∂xii
∂xmn

If m = n = i then ∂xii
∂xmn

= ∂xii
∂xii

= 1, otherwise ∂xii
∂xmn

= 0∑
i

∂xii
∂xmn

−→ I = ∂Tr(X)
∂X
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∂Tr(AX−1B)
∂X = −X−TATBTX−T∑

i ,p,q

aip{X−1}pqbqi = −
∑
i ,p,q

aip
∑
r ,s

{X−1}prxrs{X−1}sqbqi

∂Tr(AX−1B)
∂X = −

∑
i ,p,q

aip
∑
r ,s

{X−1}pr
∂xrs
∂xmn

{X−1}sqbqi =

−
∑
i ,p,q

aip{X−1}pm{X−1}nqbqi

= −
∑
i

{AX−1}im{X−1B}ni = −
∑
i

{X−TAT}mi{BX−T}in =

−X−TATBTX−T
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Inverse and Determinant

X−1 = 1
|X|adj(X)

adj(X)T = cofactor(X)
Cij : cofactor(X)ij
Cij = (−1)i+jMij

Mij : Minor(X)ij
Mij = |X | with ith row and jth column deleted

|X | = Xi1Ci1 + Xi2Ci2 + · · ·+ XinCin =
n∑

j=1
XijCij[

∂|X|
∂X

]
kl
= ∂

∂Xkl
{Xi1Ci1 + Xi2Ci2 + · · ·XinCin}, choose i = k

∂
∂Xkl

{Xk1Ck1 + Xk2Ck2 + · · ·XknCkn} = Ckl = cofactor(X)kl
∂|X|
∂X = |X|X−1
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MATRIX INVERSION LEMMA

Some Useful Identities

(I+ P)−1 = (I+ P)−1(I+ P− P) = I− (I+ P)−1P (1)

P+ PQP = P(I+QP) = (I+ PQ)P

(I+ PQ)−1P = P(I+QP)−1 (2)

(A+ BCD)−1 =
(
A
[
I+ A−1BCD

])−1
=

[
I+ A−1BCD

]−1
A−1

calling P = A−1BCD and using (1)[
I−

(
I+ A−1BCD

)−1
A−1BCD

]
A−1 = A−1 − (I+ A−1BCD)−1A−1BCDA−1

calling P = A−1 and Q = BCD and using (2)
(A+ BCD)−1 = A−1 − A−1(I+ BCDA−1)−1BCDA−1

Using (2) again (A+ BCD)−1 = A−1 − A−1B(I+ CDA−1B)−1CDA−1

or (A+ BCD)−1 = A−1 − A−1BC(I+DA−1BC)−1DA−1
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Woodbury Identity

In a special case where B → u, C = 1, D = vH

the Matrix Inversion Lemma leads to

(A+ uvH)−1 = A−1 − A−1uvHA−1

1+vHA−1u

Efficient way to compute the determinant

Suppose A is an invertible n-by-n matrix and U, V are n-by-m
matrices. Then
|A+UVT | = |Im + VTA−1U||A|
Given additionally an invertible m-by-m matrix W, the relationship
can also be expressed as
|A+UWVT | = |W−1 + VTA−1U||W||A|
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Inverse and Determinant with Submatrices[
A C
B D

]−1

=

[
A−1 + A−1CFD

−1BA−1 −A−1CFD
−1

−FD
−1BA−1 FD

−1

]

=

[
FA

−1 −FD
−1CD−1

−C−1DFA
−1 D−1 +D−1BFA

−1CD−1

]
FA = [A− CD−1B] FD = [D− BA−1C]

where FD and FD are the Schur’s complement of A and D, respectively.
Determinant of a block diagonal matrix is∣∣∣∣ A C

B D

∣∣∣∣ = ∣∣∣∣[ A 0
B I

] [
I A−1C
0 D− BA−1C

]∣∣∣∣ = |A| · |D− BA−1C| = |A| · |FD|

∣∣∣∣ A C
B D

∣∣∣∣ = ∣∣∣∣[ I C
0 D

] [
A− CD−1B 0

D−1B I

]∣∣∣∣ = |D| · |A− CD−1B| = |D| · |FA|

It follows by the assignment

[
A C
B D

]
=

[
A X
XT −D−1

]
that

|A+ XDXT | = |A| · |D| · |D−1 + XTA−1X|
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Norm of a matrix A or a vector a

L0 Norm : ||A||0 =
∑
ij

|aij |0

L1 Norm : ||A||1 =
∑
ij

|aij |

L2 Norm of a vector a → ||a||2 =
√∑

i

a2i

Frobenius Norm of a matrix A → ||A||F =
√∑

ij

a2ij

L∞ Norm : ||A||∞ = max
ij

|aij |

L2,1 Norm of a matrix A =
∑
i

||A(i , :)||2

L1,2 Norm of a matrix A =

√∑
i

||A(i , :)||21

Nuclear norm of a matrix A ||A||∗ =
∑
i

λi λi = {singular values ofA}
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Solution of Linear System of Equations Ax = b

a11x1 + a12x2 + · · ·+ a1mxm = b1

a21x1 + a22x2 + · · ·+ a2mxm = b2
...

...
...

an1x1 + an2x2 + · · ·+ anmxm = bn

Am×nxn = bm

Least Squares Solution

Minimum Norm Solution

Regularized Least Squares Solution
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Solution of Linear System of Equations Ax = b

m < n Overdetermined Case −→ Least Squares Solution
∂
∂x

|Ax− b|2 = 0,
∂
∂x

(
xTATAx− xTATb− bTAx+ bTb

)
= 2ATAx− ATb− ATb = 0

x = (ATA)−1ATb
If ∂

∂x
(Ax− b)TW(Ax− b) = 0 then it is Weighted Least Squares Solution

x = (ATWA)−1ATWb

m > n Underdetermined Case −→ Minimum Norm Solution
∂
∂x

(
xT x+ λT (Ax− b)

)
= 2x+ ATλ = 0 and λ = −2(AAT )−1b

x = AT (AAT )−1b

m > n −→ Regularized Least Squares Solution
∂
∂x

(
|Ax− b|2 + µxT x

)
= 0

xµ = (ATA+ µI)−1ATb

m > n −→ Smoothness Regularization
∂
∂x

(
|Lx|2 + λT (Ax− b)

)
= 0, L: The Laplacian Operator

x = (LTL)−1AT (A(LTL)−1AT )−1b

m > n → General Minimum Norm Solution with Constraint Cx− d
∂
∂x

(
|Ax− b|2 + λT (Cx− d)

)
= 0 −→ x =?
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A 2D INVERSE PROBLEM WITH SMOOTHNESS CONSTRAINT

A 2−D image vectorized as x is transformed through a spatial transfer
function L and observed as v. The inverse problem to estimate x from
v = Lx is usually a heavily underdetermined system whose regularization
requires choosing the smoothest possible solution by minimizing the cost
function

L = (v − Lx)TC−1
e (v − Lx) + λxTMTMx

where L is the 2-D Laplacian operator minimizing the output of the
spatial high-pass portion of the signal and the error e = v − Lx is
multivariate normal i.e. N (0,Ce)
The optimal solution is given by

T = (LTC−1
e L+ λMTM)−1LTC−1

e

or by using the Matrix Inversion Lemma
T = (MTM)−1LT (L(MTM)−1LT + λCe)

−1

(See the following MATLAB code for its implementation).
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% SIMULATION OF A 2D INVERSE PROBLEM WITH SMOOTHNESS + DEPTH CONSTRAINT

DIM = [32 32 1]; S = 40; % number of sensors

Gain=1; X = zeros(DIM(1),DIM(2));

RANGE = round ( [DIM(1)/6+[1:5] DIM(1)/1.5+[1:6] ] );

X( RANGE,RANGE) = 1; % create an image

X = spm_conv(X,3,3); % smooth the image

L = Gain*randn(S,DIM(1)*DIM(2)); % Generate Lead Field Matrix

V = L*X(:); % Calculate the forward problem to obtain the sensor data

Vn = V + randn(S,1); % V + E : Add noise to sensor data

C_e = eye(S,S); % Noise covariance

% Inversion : V = LX + E, Minimize { (V - L*X)^T*C_e_inv*(V - L*X)^T + lambda*X^T*HTH*X }

% HTH : a priori constraint, C_e_inv : Inverse of the noise covariance matrix E distributed as N(0,C_e)

% T = inv(L’*C_e_inv*L + lambda*HTH)*L’*C_e_inv

% HTH : Laplacian Operator

% Calculate the Adjacency matrix of the 2D data

mat = reshape([1:DIM(1)*DIM(2)],DIM(1),DIM(2)); % neigboring graph

[r,c] = size(mat); %# Get the matrix size

diagVec1 = repmat([ones(c-1,1); 0],r,1); %# Make the first diagonal vector

%# (for horizontal connections)

diagVec1 = diagVec1(1:end-1); %# Remove the last value

diagVec2 = ones(c*(r-1),1); %# Make the second diagonal vector

%# (for vertical connections)

adj = diag(diagVec1,1)+... %# Add the diagonals to a zero matrix

diag(diagVec2,c);

adj = adj+adj.’ ; %’# Add the matrix to a transposed

M = (adj - 4*eye(size(adj))); % Laplace operator

W = eye(size(M)); % no depth weighting %W= diag((diag(L’*L).^( 0.5))); % Depth Weighting

MW = M*W; % combined prior : Laplace + Depth Weighting

HTH_inv = pinv (MW’*MW); lambda = 1.5;

T = HTH_inv*L’*inv(L*HTH_inv*L’ + lambda * C_e); % Using Matrix Inversion Lemma

X_e = reshape(T*Vn,DIM(1),DIM(2)); X_ls = reshape (pinv(L)*Vn,DIM(1),DIM(2));

subplot(3,1,1); imagesc(X);subplot(3,1,2); imagesc(X_e); subplot(3,1,3); imagesc(X_ls);
Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

Matrix Calculus



Questions for Self Study

1 Show the following relations:

aTb = tr(baT )
tr(AB) = tr(BA)
∂
∂x tr(Y) = tr( ∂

∂xY)
∂
∂X tr(Y) = tr( ∂

∂XY)
∂
∂X tr(X) = I
∂
∂X tr(AX) = AT

∂
∂X tr(X

TX) = 2XT

∂
∂X log |X| = X−T

∂
∂XTrace[A

TX−1B] = −X−TABTX−T

2 Show that the determinant of a matrix A is the product of its eigenvalues i.e.
|A| =

∏
λi

3 Using Matrix Inversion Lemma and Kronecker properties(
V−1
1 ⊗ XTC−1

1 X+ V−1
2 ⊗ C−1

2

)−1
(V−1

1 ⊗ XTC−1
1 )

= (V2 ⊗ C2X
T )

(
V2 ⊗ XC2X

T + V1 ⊗ C1

)−1
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Questions for Self Study

3 Show that the eigenvectors vi of a symmetric matrix A are orthogonal if its
eigenvalues are distinct i.e. λi ̸= λj .

4 Compute f = sin(A) where A is given as A =

[
3 −1
−1 3

]
.

5 Show that ∂xi
∂yi

= J = UT for a transformation given as x− µ = Uy

6 Show that the maximum likelihood solution for i.i.d. data x1, x2, . . . , xN , of
mean and covariance are;

µML = 1
N

N∑
n=1

xn and ΣML = 1
N

N∑
n=1

(xn − µ)(xn − µ)T

7 Show that the optimal solution for L = (v − Ax)TC−1
e (v − Ax) + λxTLTLx

is given by x = (ATC−1
e A+ λLTL)−1ATC−1

e v.

8 Reexpress ||X||22,||X||21,2, ||X||2,1 so that they can be differentiated with respect
to X and determine these derivative expressions.
Example :

||X||22 = trace(XTX) and
∂||X||22

∂X
= 2XT

9 Prove the identity
(LTXL+ Y)−1LTX = Y−1LT (LY−1LT + X−1)−1
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Multivariate Gaussian Distribution

N (x|µ,Σ) = 1
(2π)D/2|Σ|1/2 e

− 1
2
(x−µ)TΣ−1(x−µ)

Geometry of Multivariate Gaussian

x1

x2

y1

y2

µ

u1
u2 ∆2 = (x− µ)TΣ−1(x− µ)

Σ−1 =
D∑
i=1

1
λi
uiu

T
i

yi = uTi (x− µ)

∆2 =
D∑
i=1

y2
i
λi

Show that E{x} = µ for a Multivariate Gaussian.

E{x} =
∫

1
(2π)D/2|Σ|1/2

e−
1
2
(x−µ)TΣ−1(x−µ)xdx =

∫
1

(2π)D/2|Σ|1/2
e−

1
2
zTΣ−1z(z+ µ)dz

=
∫

1
(2π)D/2|Σ|1/2

e−
1
2
zTΣ−1zzdz+ µ

∫
1

(2π)D/2|Σ|1/2
e−

1
2
zTΣ−1zdz = 0 + µ · 1 = µ
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Show that Var{x} = Σ for a Multivariate Gaussian.

Σ =
D∑
i=1

λiuiu
T
i , x− µ = Uy =

D∑
i=1

uiyi
∂xi
∂yj

= Jij = Uji , |J| = |UT | since UT = U−1

UTU = I and |UTU| = |UT ||U| = 1, |J| = 1 dxi = | ∂xi
∂yj

|dyj or dx = |J|dy = dy

Also p(y) = |J|p(x)

E{(x− µ)(x− µ)T } =

∫
1

(2π)D/2|Σ|1/2
e−

1
2
(x−µ)TΣ−1(x−µ)(x− µ)(x− µ)Tdx

= 1

(2π)D/2
D∏

p=1
λ
1/2
p

∫ ∑
i,j

uiyiyju
T
j e

− 1
2

D∑
k=1

y2k
λk dy

= 1

(2π)D/2
D∏

p=1
λ
1/2
p

[
u1uT1

∫
y2
1 e

y21
λ1 dy1

∫
e

y22
λ2 dy2 . . .

]
+

[
u2uT2

∫
e

y11
λ1 dy1

∫
y2
2 e

y22
λ2 dy2 . . .

]
+ · · ·+

[
uDu

T
D

∫
e

y11
λ1 dy1 . . .

∫
y2
De

y2D
λD dyD

]

= u1uT1 λ1 + u2uT2 λ2 + · · · =
D∑
i=1

λiuiu
T
i = Σ
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Maximum Likelihood Estimation

p(x) =
1

(2π)D/2

1

|Σ|1/2
exp

{
− 1

2
(x− µ)TΣ−1(x− µ)

}
dx

log-likelihood of a multivariate Gaussian distribution
log p(x|µ,Σ) = −D

2 log(2π)− 1
2 |Σ| −

1
2(x− µ)TΣ−1(x− µ)

∂ log p(x)

∂x
= −1

2

∂

∂x
[−µTΣ−1x+xTΣ−1x−xTΣ−1µ] = 0 → x = µ
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Maximum Likelihood Estimation

Given i.i.d. data X = (x1, x2, . . . , xN)
T the log-likelihood function

is given by

ln p(X|µ,Σ) = −ND

2
ln(2π)−N

2
ln |Σ|− 1

2

N∑
n=1

(xn−µ)TΣ−1(xn−µ)

∂

∂µ
ln p(X|µ,Σ) =

N∑
n=1

Σ−1(x− µ) = 0 → µml =
1

N

N∑
n=1

xn

∂

∂Σ
ln p(X|µ,Σ) = 0 = −N

2
Σ−T +

1

2

N∑
n=1

Σ−T (xn−µ)xn−µ)TΣ−T

Σ = 1
N

N∑
n=1

(xn − µ)(xn − µ)T
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Self Study : Determine p(y) =
∫
p(y|x)p(x)dx

p(y|x) = N (y|Hx, Λ−1) and p(x) = N (x|0,Φ−1)

p(y) = (2π)−N/2|Λ|1/2(2π)−M/2|Φ|1/2
∫
e
− 1

2
(y−Hx)T Λ(y−Hx)

e
− 1

2
xT Φx

dx

yTΛy + xTHTΛHx − yTΛHx − xTHTΛy + xTΦx

Let’s have the x terms to be a complete square as (x − mx )
TΛx (x − mx ) and identify Λx and mx as

Λx = HTΛH + Φ and Λxmx = HTΛy or mx = Λ−1
x HTΛy

Then all the terms can be reexpressed as

xTΛx x − yTΛHΛ−1
x︸ ︷︷ ︸ Λx

mT
x

x − xTΛxΛ
−1
x HTΛ︸ ︷︷ ︸−y

mx

+ mT
x Λxmx − mT

x Λxmx + yTΛy

Then the first 4 terms can be reduced to (x − mx )
TΛx (x − mx )

and the last two −(yTΛHΛ−1
x )Λx (Λ

−1
x HTΛy) + yTΛy = yT (Λ − ΛHΛ−1

x HTΛ)y

The integral over the x terms yield
∫
e
− 1

2
(x−mx )

T Λx (x−mx )dx = (2π)M/2|Λx |−1/2

and the remaing y terms form a m.v. gaussian with

Λy = Λ − ΛHΛ−1
x HTΛ = Λ − ΛH(Φ + HTΛH)−1HTΛ = Λ − ΛH(I + Φ−1HTΛH)−1Φ−1HTΛ

By using Matrix Inversion Lemma (A + BCD)−1 = A−1 − A−1B(I + CDA−1B)−1CDA−1

with Λ −→ A−1, B −→ H, C −→ Φ−1 and D −→ HT

Λy = (Λ−1 + HΦ−1HT )−1

p(y) = (2π)
− N

2 |Λ|
1
2 (2π)

−M
2 |Φ|1/2e−

1
2
yT Λy y (2π)

M
2 |Λx |−1/2

|Λ−1||Φ−1||Λx | = |Λ−1||Φ−1||HTΛH + Φ|
Using the identity |A + XDXT | = |A| · |D| · |D−1 + XTA−1X |
with A −→ Λ−1 D −→ Φ−1, X −→ H we get |Λ−1||Φ−1||HTΛH + Φ|−1 = |Λ−1 + HΦ−1HT | = |Λ−1

y |

p(y) = (2π)−N/2|Λy |e
− 1

2
yT Λy y
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