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Upper Triangular Linear Systems

Forward Elimination

u11x1 + uiex2 + U13X3 + ...+ UIN—1XN—1 + UINXN
u22X2 + U23x3 + ... + oy—1XN—1 + U2n XN
u3xzx3z + ...+ Uzy—1Xy—1 + UsNXN

UN—1IN—1XN—1 + UN—1NXN

UNNXN

Back Substitution

xn = by/unn

xn—1 = (by—1 — Un—1nXN)/UN—1N—1
X = (b = M4y u))/ Uik
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Lower Triangular Linear Systems

Backward Elimination

hix = b
hix1 + hax2 = b
hix1 + haxe + h3x3 = b3

Inixt + Inoxo 4+ oo e + Innxn = by

Back Substitution

x1=bi/h1

xo = (b2 — h1x1)/h2

Xk = (bk = 55" hxi) /I
|

void lubksb(float **a, int n, int *indx, float b[])
Solves the set of n linear equations A-X = B. a[l..n][1..n] is LU decompositionof the matrix A the routine ludcmp.
b[1..n] is input as the right-hand side vector B, and returns with the solution vector X.
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Gaussian Elimination and Pivoting

3x1 — 0.1xp — 0.2x3 = 7.85
0.1x; + 7xp — 0.3x3 = -19.3
0.3x1 — 0.2x2 + 10x3 = 71.4
Forward Elimination
-2l 3 -01 -02 : 785 -0 3 -0.10 -0.20 : 7.85
0.1 7 03 :  -193 0 7.003 -0203 :  -19.56
03  -0.2 10 © 714 030 -0.20 10.0 : 71.4
3 -01 -0.2 : 7.85 3 -01 -0.2 : 7.85
LI 0 7.003 -0203 :  -19.562 0 7.003 -0203 : -19.562
0 -0.19 10.02 : 70.62 0 0 10012 : 70.08

Solution by back substitution
x3 = 70.08/10.012 = 7.000,
xp = —2.5

x; = 3.000
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Pivoting
Partial Pivoting
1 Ox1 + 2x» + 3x3 = 8
row pivoting T 4x1 + 6+ 7x3 = -3
2x1 + xo + 6x3 = 5
Row pivoting only
0.0003x; + 3.0000x, = 2.0001 1.0000x; + 1.0000x, =  1.0000
1.0000x; + 1.0000x, =  1.0000 0.0003x; + 3.0000x» = 2.0001
x1 = —3.33 and x» = 0.667
Row + column pivoting
-.0003 71,0000 1.0000 : 1.0000 1.0000 1.0000 : 1.0000
0.0003 3.0000 : 2.0001 0 29997 : 1.9998

x1 = 0.333 and x» = 0.667

_______________________________________________________________________________|]
Complete pivoting: Columns as well as rows are searched for the largest element and
then switched.
Complete pivoting is rarely used because switching columns changes the order of the
x's adds complexity to the algorithm.
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Scaling

2x; + 100.000x> = 100,000
X1+ x2 = 2

x1 = 0.00 and x» = 1.00

Scaling
Toog 21 +100,000x; = 100,000 0.00002x; + 1.0000x, = 1
X1+ x2 = 2 X1 + X2 = 2
x1=1land x =1
Pivoting
I 0.00002x; + 1.0000x, = 1 -0.00002 X1+ x2 = 2
T X1 + x2 = 2 0.00002x; + 1.0000x, = 1

xx=1land xx =1
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LU Decomposition

1 U1l U2 U3 ... Upy a1 ae a3 ... A
b1 1 upy U3 ... Uy a1 ax a3 ... an
B 2 1 usz ... usy | _ | as1 ax us ... usn
Int In2 oo 1 unN ayl an2 ans ... ann

Crout’s Algorithm

up = an
B Go with the 1st column by computing /iy = a;1/u11

N

Go with the 1st row by computing uij = ay;
Go with the jth column by computing l; = [a;; — Ejl;ll licuig]/ ujj

Go with the ith row by computing uj; = [a;; — Z;;ll lixuig]/ lij
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________________________________________________________________________________|]
void ludcmp(float #**a, int n, int *indx, float *d)

Given a matrix a[l..n][1..n], this routine replaces it by the LU decomposition of a row
wise permutation of itself. a and n are input. indx[1..n] is an output vector that
records the row permutation effected by the partial pivoting; d is output as +1
depending on whether the number of row interchanges was even or odd, respectively.
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Inverse of a Matrix Using Gauss-Jordan Method

3 —-01 —-02 X1 100
01 7 —-03 xx |=]1010
03 —-0.2 10 X3 001

auss Elimination to the lower and upper

2]

After augmenting the system we apply
directions we can find the inverse

-0l 3 01 -02 1 0 0 -3 3 0.1 -0.2 1 0 o0
0.1 7 03 0 1 0 0 7.003 -0293 -0033 1 O
03 -02 0 0 0 1 03  -02 10 0 0 1
0.1 0.2 1 0 o0 3 01 0.2 1 0
Qi o 7.00 0293 -0033 1 0 L0 7.00 -0.29 -0.033 1
0 -0.190  10.02 0.1 0 1 0 0 10.012  -0.101  0.027
3 01 0.2 1 0 0 3 0 -0.204 1 0.014
% 0 7.00 -0.29 -0.033 1 0 0 7.00 -0.293 -0.033 1
’ 0o 0 10012 -0.101 0027 1 250 0 10012 -0.101  0.027
3 0 0 0.979 0.02  0.202 3 0 0 0.98 0.02  0.20
0 700 -029  -0.033 1 0 0 7.0 0 -0.063  1.008 0.2
50 0 1001  -0.101  0.027 1 0 0 1.012  -0.101  0.027 1
1/3 3 0 0.98 0.02 0202 1 0 0 0333 0005 0007
1/7 0 7.00 -0.063  1.008  0.29 0 1 0 -0005 0143 0.004
1/10.012 0 0 1.012  -0.101  0.027 1 0 0. 1 -0010_ 0003 0.010
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|
void gaussj(float #**a, int n, float **b, int m)
Linear equation solution by Gauss-Jordan elimination. a[l..n][1..n]is the input matrix.
b[1..n][1..m] is input containing the m right-hand side vectors. On output, a is

replaced by its matrix inverse, and b is replaced by the corresponding set of solution
vectors.
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Cholesky Algorithm Applied to positive definite matrices

A matrix X is positive definite if v Xv > 0 for all vectors v.
An example of a positive definite matrix is ATA assuming that A is any matrix.

L=uUT

Set u11 = /a1

For the 1st row compute uy; = ay;/u11
Compute uj; = {a,-,- — ;‘::i(uk,')2}l/2
Compute u; = 1/u;{a; — 352} (uki) (uig) }

________________________________________________________________________________|]
void choldc(float #**a, int n, float pl[])

Constructs the Cholesky decomposition, A = L - LT of a positive-definite symmetric
matrix a[l..n][1..n]. On input, only the upper triangle of A need be given; it is not
modified. The Cholesky factor L is returned in the lower triangle of a, except for its
diagonal elements which are returned in p[1..n].
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Iterative Methods

Jacobi Method

A=V+D+W

A: Upper Diagonal elements, D: Diagonal elements , W: Lower Diagonal elements
Ax:b—>(V+D+W)x_b—>X*D*1[b—(V+W)x]

xf = x4 (1/di)br — S a1

Gauss-Seidel Method

Ax =b
Xf = (b — 812X§_1 - 313X§_1 - a1NXN Y/an
X2 = (bz — agle — 323X§ - 32NXN )/322
i = (b, — a,1xf — ,2X2k — ... a,-k_lx,f_l — a;k+1x,’(‘;11 — ... a,-Nx,’\‘fl)/akk

For convergence A must be diagonally dominant i.e.
lakk] > |ak1] + ... + lagk—1] + |akk+1] + - - + akn]

fork=1,2,...,N

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

The Solution of Linear Systems Ax = b Lecture Notes



Singular Value Decomposition

A=UwT" .
w1 V] —
{ Uy Up...Up } w2 V2 =
N
Wn J xn Vn = nxn

. left eigenvectors of A (which span the Range Space of A),
: right eigenvectors of A (which span the Null Space of A),
wij; : singular values of A.

u;
Vi

Dimension of the Range is equal to the Rank of A.
u; for which w;; # 0, span the Range Space of A.
v; for which w;; = 0, span the Null Space of A.

6 Lid;, VLV, L7,
A can be expressed as A => "7 | W,',-(ﬁ,-VI.T)
A~1 s called the Pseudo-inverse and determined as: A=t =37 | 1/w;(v;u])
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L]
void svdcmp(float **a, int m, int n, float w[], float *xv)
Computes its singular value decomposition, A =U-W-V T of a matrix a[l..m][1..n].

The matrix U replaces a on output. The diagonal matrix of singular values W is output
as a vector w[1..n]. The matrix V (not the transpose V T ) is output as v[1..n][1..n].

|
void svbksb(float **u, float w[], float **v, int m, int n, float b[],
float x[])

Solves A-X = B for a vector X, where A is specified by the arrays u[l..m][1..n],
w[1..n],v[1..n][1..n] as returned by svdcmp. m and n are the dimensions of a, and will
be equal for square matrices. b[1..m] is the input right-hand side. x[1..n] is the output
solution vector. No input quantities are destroyed, so the routine may be called
sequentially with different b's.
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