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Some concepts and illustrations in this lecture are adapted from
the textbook,

Applied Digital Signal Processing, Dimitris G. Manolakis & K.
Ingle, Cambridge.
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Effect of a LTI system H(e/“) on magnitude and phase of a signal

Original signal

High-frequency attenuation
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Phase and Group Delay

—
Acos(won + ¢) =5 A|H(wo)| cos(wo[n + ZCOI R

Phase Delay : 7pq(w) = —% which is a time delay at w.
Acos(won) cos(wen) = 4 cos((we — wo)n) + 4 cos((we + wo)n)
wy Wy

A cos(won) cos(wen) CUR 4 cos(win + O(wy)) + 5 cos(wun + O(wy))

0(wy) — H(w/))
2

O(wy) + 0(wy)

5 ) cos(won +

= Acos(wen +

assuming |H(w)| ~ 1 in the range w; < w < wy,.

Output carrier and modulation frequencies are the same as those
at the input but not the phases.
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Phase Delay and Group Delay

If wo << we,

O(wu) = O(we + wo) ~ O(we) + di(:)‘ _wo
O(wr) = Ofuwe — wo) ~ Owe) — 2|

—%Jrf(w’) = —0(%;) is the phase delay for the carrier signal.
—%}9(“’) ~ —di(:’) = Tgd(w) is the group delay or the envelope delay.
Tgd : measure of the linearity of the phase and is the time delay between the

input and output waveforms.

Input
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Example: H(z) = [1—2rcos(w01))g—1+rzz_2]K’ r=0.9 w=7/3 K=38

Input signal : s[n — ny] cos(0. 347rn) + s[n — no] cos(0.67n)
1(t—p)® M) )

where s(t) = 5 exp(—3 —
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Ideal FIR Filters with Linear Phase

| Hip(e*) |

LHp(e®)

[ e lw| < w,
Hip(w) = { 0 we < w| <
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Types of Linear Phase FIR Transfer Functions

Example : N = 8, Symmetric FIR Filter

H(z) = h[0] + h[1]z™* + h[2]z72+

h[3]z7% + h[4]z™* + h[3]z > + h[2]z %+

h[1]z=" + h[0]z~®

H(z) = [2h[0] cos(4w)+2h[1] cos(3w)+2h[2] cos(2w) +2h[3] cos(w) + h[4]]e7*

Type | : N even, symmetric h[n] = h[N —n], 0 < n< N

Phase: O(w) = —4w + B, 8 =0, or 7 ( inside [.] can be (-) as well)
_ _dG(w) — N/2
Ted dw /

. N/2 N/2
H(w) = h[N/2] + 2 2_:1 h[N /2 — n] cos[wn] = 2—:0 alk] cos(wn)

H(w) = e N/2[(w)
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Type Il : N odd, symmetric h[n] = h[N —n], 0 < n< N

Phase : (w) = —-N/2w+ 3, 3=0,orm
Tga = —2) — /2

(N+1)/2
A(w) =2 Z A[MEL — n] cos[w(n — £)] = cos(£)

Hw)=¢e JN‘*’/ZH(w)

(M—-1)/2

Z b[n] cos(wn)

Type lll : N even, antisymmetric h[n] = —h[N —n], 0 < n< N

Phase : (w) =n/2 - N/2w+ 3, =0, or

ngzfd(z:) N/2

M/2

A(w) =2 Z h[N/2 — n]sin[w(n)] = sin(w) >_ c[n] cos(wn)

n=1 n=0

H(w) = je N“/2F(w)
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Type IV : N odd, antisymmetric h[n] = —h[N —n], 0 < n< N

Phase : (w) =n/2+ —N/2w+ 3, =0, or 7
Ted = dg(w) =N/2
(N+1 /2 M—1)/2

H(w) =2 Z h[(N +1)/2 — n]sin[w(n — 1/2)] = sin(% ) E d[k] cos(wn)
H(w) *JeﬂNwﬂH( )

Amplitude of FIR filter transfer functions

A(w) = (g(w)P(w),
P(w) = kz::op[k] cos(wk)

1 Type |
cos(w/2) Type Il
sin(w) Type Il
sin(w/2)  Type IV

Qw) =
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The group delay is 75¢ = —

|H(e")|

Phase and Amplitude Response of FIR Filters (I-IV)

H(w) = |H(w)|e 7™ = Aw)el“*T? = A(w)el V™)

dy(w)
dw

Ale!®)

+ No derivative

E o

ZH(e®)

W)

Discontinuity

-

0
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Optimality criteria for filter design

Specifications
Analog Relative Absolute

|H(ejm)| Transition band
dB
1 0 ¥ 148, Passband
Ap ! \\_/ Brick wall
1 1| 18,
V14e?
Passband
Ag ripple
Stopband ripple
1 Stopband
I L
—00 ——
OPassband edge/wp @ ws— Stopband edge T @
Cutoff-frequency
Desired frequency response
o
— —jwn
Hy(w) = g ha[n]e
n=-—oo
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Mean squared error
1 e NE: 1/2
= — [E/)Hd(e' ) — H(e )‘ dw]
B

Minimax approximation

Ewe = max|Hu(e) — H(¢)

Maximally flat approximation
o)D) we)@
Ad(w) = Ag(wo) + M(w — wp) 4 220 () — we)? + ...
w wp)®
A(w) = Aluwo) + 20 (¢ — o) + A0 (1 oy2 4
Ad(wo) = A(wo)
AS)(wo) = AD(wp) for i=1,2,...,m—1

E(w) = Ag(w) — Aw) = 2@ (w—wo)™ + ...
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Mean Squared Error

2 — % ] ’Hd(ef“) - H(eJ'W)dew

M

—1 e}
€ = [haln] = blAlP + > haln® + D hgln]?

n=0 n=—o0 n=M+1

The optimum solutions is
| hgln] 0<n< M,
il = { 0 otherwise

il —{ & SZIZ =i
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sin(uw(M + 1)/2) __jumra

Wlw] =
[l sin(w)/2)
AW(CJ("\)—"))
!
Aa(e??) ‘
=
~ / | B

. ¥ =
)
ﬂ A(e!?) = A4(e7°) ® Aw ()

ol
+

—r Ed

The width of the main lobe = +27/(M + 1)
The first negative side lobe = £37/(M + 1)
— |Aw(Gr/(M+ 1))/ Aw(0)] = [sin()/ sin(z2)/(M+1)| ~ 2 = —13 dB
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Gibbs Phenomenon

The properties of A(w) = f Ad(0)An (w — 0)dO at the vicinity of we :

For w < we A(w) = - f Aw(w—0)do = L[ f + ?C]Aw(w — 6)do

—Wwe —Wwe w

wtwe
p=w—-0— L f Aw(w — 0)do = - f Aw(p)dé

(w—we)(M+1)/2 26
¢=(w—0)(M+1)/2 > fAW(w—G)de_ e Of Aw( sy )do
" (wcfw)(M+1)/2 oo
¢=-o grns [ AwlgEplde
(we—)(M+D)/2
Aw)~ i+l Ik U dp  since Aw(x) = Aw(—x).
0

AW( 2¢ ),':: sin(¢)

¢/(M+1)
Aw) & 3+ LSi[(we —w)(M+1)/2]  for w < we

3

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering
Finite Impulse Response (FIR) FILTERS



Alw) = % + %SI[((U —we)(M+1)/2]  for w < we

A(w) = % — % if(w—we)(M+1)/2] forw > wc
w = wc Alw) = 05
w = we—2nw/(M+1) Alw) = 0.5+ Si(w)/m ~ 1.0895
w = wc+2n/(M+1) Alw) = 05— Si(r)/m ~ 0.0895

m jp &~ 0s ~ 0.0895 — irrespective of the order M

m 20log;((1.0895) = 0.75dB and 20log,((0.0895) = —21dB —not sufficient

m wp or (ws) is determined by finding the £ value for which the Si(€) reaches to
the level of 0.5 — 0, which is 0.467 from which w = Mz—f_l = 1?/1-73-771'

Aw = ws —wp = L 8“ < I\flil — transition band depends on the order M

)

! + Aclel)

d=0.01; X=20/pi;
t =[d:d:X];
frh0m I=cumsum(sin(t)./t)*d/pi;
t(max (£ind (I<(.5-.0895))))/pi % =0.46;

)
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Gibbs Phenomenon

1+8p - AC™)
! . Age™)
1-48p
4 o
Y \ | Ay (e )

-5 I \/ e

\

i
i 8p ~ 8 ~ 0.09
i

\l /

\
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As the order increases, the highest side lobe and minimum stopband
attenuation remains the same. Only the transition band decreases.

0
o
% -
z 20
oir
S
g 40
-
0
&
L
= -21dB
2 _70
< 72
o0
o
(3]
-t —0.51 0 0.51 T -1 051 0 0.51 T
® ®
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Alternative Window Functions: Smoother Impulse Response

2n/M 0<n< M/2,M even
m Bartlett (Triangular) w[n] =< 2—-2n/M M/2<n< M
0 otherwise
= Hann
{ 0.5 —0.5cos(2rn/M) 0<n< M,
w(n] = :
0 otherwise

® Hamming
0.54 — 0.46 cos(2rn/M) 0<n< M,
w[n] = ;
0 otherwise
m Blackman
0.42 — 0.5 cos(2wn/M) + 0.08 cos(4mn/M) 0<n< M,
w(n] = 5
0 otherwise
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Table 10.3 Properties of commonly used windows (L = M + 1).

Window Side lobe Approx. Exact bp = 8s Ap Ag
name level (dB) Aw Aw (dB) (dB)
Rectangular —13 4 /L 1.8z /L 0.09 0.75 21
Bartlett -25 8x /L 6.1 /L 0.05 045 26
Hann -31 8 /L 6.2 /L 0.0063 0.055 44
Hamming —41 8n /L 6.6m/L 0.0022 0.019 53
Blackman —57 12z /L 11z /L 0.0002 0.0017 74
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Example: Design a lowpass linear-phase FIR filter with the following
specifications: wp, = 0.257, ws = 0.357, A, = —0.1 dB, As = 50dB.

= A, =20 |og10(11f‘;i) =0.1, §, = 0.0058

A = 20log,o(52) = —50, d, = 0.0032.

m Set the ideal lowpass filter cutoff frequency we = (wp + ws)/2 = 0.3,
transition bandwidth, Aw = ws — w, = 0.17.

® Hamming window provides at least 53 dB > 50 dB attenuation which is
greater than A = 50 dB.

m the transition bandwidthAw = 6.67/L, the minimum window length
L = 66.

m Choose L = 67 or M = 66 to obtain a type-l filter.
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.
The impulse response is h[n] = w[n]hg[n]

(] = 0.54 — 0.46 cos(2rn/M) 0<n <M,
YIN=1 o otherwise

sin[we(n—M /2
hq[n] = Szl
wp = 0.25%pi; ws = 0.35%pi; Ap = 0.1; As = 50;
deltap = (10~ (Ap/20)-1)/(10" (Ap/20)+1);
deltas = (1+deltap)/(10~(As/20));
delta = min(deltap,deltas); A = -20%loglO(delta);
Deltaw = ws-wp; omegac = (ws+wp)/2;
L = ceil(6.6*pi/Deltaw)+1; M=L-1;
n = [0:M]’;
hd =2*omegac/(2*pi)*sinc(2*omegac/(2*pi)*(n-M/2));
h = hd.*hamming(L); stem(n-M/2,h);
w=[0:0.001:1]; H=freqz(h,1,w*pi);
plot(w,20%*1ogl0(abs(H))) ;grid
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Impulse Response

Magnitude Response (dB)
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Adjustable Kaiser Window
blBYI-[n—)/eP] o

wln] = Io(B)
0 otherwise
I(x) =1+ 3 (x/2)™/m!, I(x): 0% order modified Bessel function.
m=1
0 A<1,
B =14 0.5842(A—21)"* 4+ 0.07886(A —21), 21 < A <50
0.1102(A — 8.7) A> 50
a=M/2

The order M = -2=8

2.285Aw
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Example: Design a Kaiser FIR filter with the following specifications: w, = 0.25,
ws = 0.35m, A, = —0.1 dB, A; = —50 dB.

m A=50dB and wec = (wp + ws)/2 = 0.37.
m [ =4.528 and M = 59.
m Choose M = 60 for a type-l filter.

beta =0.5842%(A-21)"(0.4)+0.07886% (A-21) ;

wp = 0.25%pi; ws = 0.35%pi; Ap = 0.1; As = 50;
Deltaw = ws-wp; omegac = (ws+wp)/2;

M = ceil((A-8)/(2.285*Deltaw))+1; L = M+1;

alpha = M/2; n = 0:M;

hd =2*omegac/(2*pi)*sinc(2*omegac/(2*pi)*(n-M/2)) ;
h = hd.xkaiser(L,beta)’;

w=[0:0.001:1]; H=freqz(h,1,w*pi);
plot(w,20*1ogl10(abs(H))) ;grid

Impulse Response Magnitude Response (dB)

\
-50 ‘h .
0 } m I | Wmﬂ Y’YYYWHH(

0.1

Decibels

0 30 60 0 02n 04n 0.6m 081 =
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Example: Design a bandpass filter using a Kaiser window

Specifications:
|Hw)| <0.01, |w| <027
099< |H(w)|<1.01 037 < |w|<0.7m,
|[Hw)] <0.01, 078< |w|<m7

in(wea(n—M /2 in(we1(n—M/2
m hp[n] = : (:(5(7/\4/5 Uz (:(iSM/2§ .

= 5, =0.01 — A~ 40 dB,

W = 0.2#42»0.37r — 0.257{_, Wep = 0.7#20.7871’ — 0.747{_,

Aw; =037 — 0.27r = 0.17, 0.787 — 0.77 = 0.087,
m 3=3.395 and M =56

Impulse Response Magnitude Response (dB)
0

04 Y
_n 3 [ \
2 2 | |
£ 30 5
02 ’]"i ] Y' | mM«
04 80 I

0 28 36 0 02r 04z 06z 08t

i ®
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omegacl=.25%pi;

omegac2=0.74*pi;

M=56;

L=57;

n = 0:M;

hdl =2*omegacl/(2*pi)*sinc(2*omegacl/(2*pi)*(n-M/2));
hd2 =2xomegac2/(2*pi)*sinc(2*omegac2/(2*pi)*(n-M/2));
hh= hd2-hd1;

h = hh.*kaiser(L,beta)’;

w = linspace(0,pi,200);

H = freqz(h,1,w);

subplot(2,1,1) ;stem(h) ;grid
subplot(2,1,2);plot(w/pi,20*1logl0(abs(H)));grid
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Chebyshev polynomials and minimax approximation

Tmt+1(x) = 2xTm(x) — Tm—1(x), m > 1,
To(x) =1, Ti(x) = x.

The zeros xi of the polynomial Tp(x), |x| <1 :
0

——
Tm(x) = cos(cos ™} (x)m) =0 — 0 = (2k — 1)7/(2m)
X) = Cos <2kT71 %) k=1,2,...,m. Tn(x) has m zeros in [—1,1].

Vs(0)
o

740
s

cos(mf) = +1 for 6 = kn/m, k=0,1,...,m.
The m + 1 extrema of Tp(x), Tm(&) = (=1)¥ are & = cos(kn/m), k =0,1,...,m.
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Frequency response function: A trigonometric series in cos(wm) can be
expressed Tpn(x)
P(w) = 2+ cos(w)+ cos(2w) + cos(3w)
= [2T0(X) + T1(X) aF T2(X) A T3(X)]|x:cos(w)
= 1—2x+ 2X2 ar 4X3|x:cos(w)

_________________________________________________________________________|]
A trigonometric cosine series can be expressed as a polynomial in cos(w)

R R R
P(w) = kz_:op[k] cos(wk) = kX:_Op[k] Th (X)) x=cos(w) = ,;)ﬁkxk|xzcos(w)
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Equiripple optimum Chebyshev FIR filter design

E(w) = W(w)[Ad(w) — A(w)]

Minimax approximation

IE@)lleo = max|E(w)

A(w) = Q(w)P(w), where

1 Type |
_ (w/2) Typell _ &
Q) = ;‘;S(w) Tiz: i 20 P) = 3 plk] cos(wk)
sin(w/2)  Type IV
B Ag(w) _ y M : even
A= W(“)Q(”)[ C;(w) - P(“)] R= { M1 M odd
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Problem Statement

Given the filter order M, determine the coefficients of P(w) that minimize the
maximum absolute value of E(w) over the frequency bands of interest, that is,
choose P(w) so that

IE()lleo = max| W(w)[Ad(w) = P(w)]]
is minimum.

Alternation theorem for FIR filters

A necessary and sufficient condition that P(w) be the unique solution of
||E(w)||oo is that the weighted error function E(w) exhibit at least R + 2
alternations in B. That is, there must exist R + 2 extremal frequencies
w1 < wp <,...,< Wrt2 such that for every k =1,2,..., R+ 2,

E(wk) = —E(wkt1), |E(wk)| = max E(w)=14
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|
Suppose we want to approximate f(x) = x2 i by the polynomial
P1(x) = x — 0.125 in the interval 0 < x < 1. The error

e(x) = f(x) — P1(x) = x> — x + 0.125 has R +2 = 3 extrema with
the same magnitude and alternating signs: x(0) = 0.125,

x(0.5) = —0.125, and x(1) = 0.125.

Hence, the polynomial P;(x) is the unique minimax approximation

to the function f(x) = x2.
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Filter order

Edge frequencies of pass bands and stop bands
Desired amplitude response Aq(w)

Weighting function for w € B

Case Study: Design of M order type | low pass filter
_ 1, 0<Sw<wp _ 1, 0<w<wp
Ad(W)_{(J, ws Sw ST W(w)_{K—ii, ws Sw ST
R
P(w) = A(w) = > a[k] cos(wk)
k=0
If |E(wk)| = max E(w) = ¢ is not met, M is increased.

If M is even R =%, h[0] = h[R] and h[k] = a[R — k]/2, k=1,2,...R.
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R=7 K=1/2
Minimum number of alternations

oy oINS N L 7T+2=9
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Remez Exchange Algorithm

E(w;) = W(wj)[Adg(wi) —

17
W) =9 kx_ %
=3
cos(w1)
cos(wp)
1 cos(wri1)
1 cos(wrs2)

0<w<wp

, ws<w<T

cos(Rw1)
cos(Rwy)

cos(Rwgr+1)

cos(Rwr+2)

AWl = (-1)*18 1<i<R+2

P(w) = A(w) = ZR: a[k] cos(wk)

1
W(w1)

i a[0] Ad(w1)
Wie2) al1] Ag(w2)
’ 71)R+1 : B .
W(wri1) a[R] Ad(wr+1)
(=1)R+2 3 Ad(wr2)
W(wry2)

Initialize w; which has to include w =0, wp, ws and 7 and i =1,2,... R+ 1.
Solve the above set of equations for a[k] and 4.

R
Sample A(w) = > a[k] cos(wk) to determine the new extremal &;.

Pick up a new set of frequencies &;, ws, wp and either 0 or 7 and repeat steps
(2) and (3) until no significant change is observed in &;.
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Parks-McClellan Algorithm: A more efficent Approch

Rff brAd(wk) R+2
6 = ;‘;i;b(ﬁ, bk = H inxi' Xj = COS((A),’)
Z ew =
k+1
Aw) = Aalwi) — GiEsS k=1,2,...,R+1
R+1
2 Alwi) =, R+1
Aw) =S de= Tl oty = bulxx — xry2)
x = cos(w)
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Initial guess of
(R +2) extremal frequencies

.|

1
Calculate the optimum
8 on extremal set
]
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1 ]
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and find local maxima
where | E ()] 28
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Example: Design a low-pass filter with specifications: w, = 0.257, ws = 0.357,
A, = 0.1dB, A; = 50dB

dp = 0.0058, 6s = 0.0032

wp = 0.25%pi; ws = 0.35%pi; Ap = 0.1; As = 50;

deltap =(10"(Ap/20)-1)/(10" (Ap/20)+1);

deltas = (1+deltap)/ (10" (As/20));

[M,fo,a0,W] = firpmord([wp,ws]/pi,[1,0], [deltap,deltas]);
[h,delta] = firpm(M,fo,a0,W);

M = 48 and 6 = 0.0071
M =50 and 6 = 0.0055

Impulse Response Magnitude Response (dB)

0.3 0
0.2 5
= =

= 0.1 E*SO

0
0.1 -100
0 25 50 0 02570357 T
n ®
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Example: Design a bandpass filter

|H(w)| £0.01, |w| <027
099< |H(w)|<1.01 037 < |w|<0.7m,
|H(w)| €0.01, 078<|w| <7
sin(wea(n=M/2)) _ sin(wei(n—M/2))

B hp[n] = w(n—M/2)  w(n—M/2)

= 5, =0.01 — A~ 40 dB,

W = 0.2#42»0.37r — 0.257{_, Wep = O.77r§0.787'r — 0.747{_,

m Aw; =037 —0.27 = 0.1,

wsl = 0.2xpi; deltasl = 0.01;

wpl = 0.3%pi; wp2 = 0.7*pi; deltap = 0.01;
ws2 = 0.78xpi; deltas2 = 0.01;

f = [wsl,wpl,wp2,ws2]/pi; a = [0,1,0];
dev = [deltasl,deltap,deltas2];
[M,fo,a0,W] = firpmord(f,a,dev);

[h,delta] = firpm(M,fo,ao0,W);
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