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Bayes Theorem

likelihood prior
(x|0) p(0
p(x
————— o p(x|0)p(6
o o< pxi)p(t)
~—

evidence

p(f]x) =

If we are to estimate a set of parameters 6, given an observation x,
the best we can do is to maximize its log-likelihood function, if we
have no idea about its prior distribution;

p(01x) o< p(x|0)
0

0
%5 =99 log p(x[6)
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Assuming that X is a random variable having a Bernoulli distribution, what is the ML
estimation of p if we have a set of observations {xi,...,xy}?
(1= )= if x = {0,1}

p(x|p) =
0 otherwise
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The number of marriages bu individuals are modeled by Poisson distributed random
variables X and it is assumed that they are a linear function of age i.e. A = A)g.
Using the observations below, determine the parameter Ag.

(# of times married) | (Age)

px(x|\) = N for x = 0,1,2,...

x!

~N NN o ol X
o
o

N N
log £ = log p(X|\) = Iong(x,-|)\) = Z(—)\ + xj log A — log x;!)
i=1 i=1
N
= (~Aido + x;log(AiXo) — log xi!)
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Maximum Likelihood Estimation: Multivariable Case
)T

Given a data set X = (x1,...,xy) ' in which the observations {x,}
are assumed to be drawn independently from a multivariate
distribution, we can estimate the parameters of the distribution by
maximizing its likelihood;

2 np(X[a) =0

Determine the maximum likelihood estimation of the mean of a multivariate Gaussian

distribution based on observations {x,}.

N
Inp(XJs Z) = ~ 22 In(2m) — 10| — 3 32 (0 = )T 0 — 1)
=
N
anInp(X|p, £) = £ 30 (xn — p) =0

n=1
1 N
BML = — an (1)
N n=1
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Determine the maximum likelihood estimation of the covariance of a multivariate
Gaussian distribution based on observations {x,}.

2 Inp(X|u,x) = 4 -2

L In|x Y — 3

23 THE " x — p)(x — )] = O
n=1

N
YT 3 S (- =
=

N

m = % D x—mx—p)’

n=1

Find a sequential method for the maximum likelihood of pp; .

N—1
M%,VL): an**XN‘i‘ zxn
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Bias and Consistency of Estimation

Bias = 6 — E[Ay] — If an estimator is unbiased then 6§ = E[fy].

lim = Var[y] = lim E[|dn — E[An]?] = 0
N—oco N—oc0
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Determine the bias of ML estimate of u and ¥ of multivariate Gaussian distribution.

N N
E{um} = % Z E{x,} = % > p=p — ppe is an unbiased estimator.
n=1
N
E{Zm} = Z E{(xn — pmr)(xn — poaa) T}

N
= 35 ool — E o} — E i} + E ()}
E {x,,x,?} =Y +pup’
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Eoxa "+ Fxalxaoxw) o xu(xa o xwo1)}
—_—

N times N—1 times
= ﬁ{(N(2+uﬂT)+N (N=D)upT} = 5= +pu’
EEmt=4 2 {Z+m” - 2§ +pp")+ X +uu’} = L2%

n=1
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Bayesian Estimation

Given a data set X = (x1,...,xy)" in which the observations {x,}
are assumed to be drawn independently from a multivariate
distribution, we can estimate the parameters 6 of the distribution
by maximizing the posterior distribution p(#|X) if the prior
distribution of 6 is known.

likelihood prior
—~—
P(X|6) p(6)

p(X)
—~—

evidence

p(01X) = o< p(X[6)p(0)
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We wish estimate the mean, of X = {x1,...xy} with x having a distribution
N (x|p, X) in which X is known. Determine the corresponding posterior distribution
p(plpn, Zn) if prior is p(u) = N (pluo, o).

Equating the exponential terms of both sides;
N
=3 I A nTE = =3 (= o) "X M (1 — o) — 3 X (%o — 1) T (% — p1)
n—=

N
uT () terms : Zgl + NX~!and u7(.) terms : Zglyo +X 3 x,

n=1

N
pn = Zn(Zg teo + T Y xa), Yy = (5t + NET) L

n=1

pn = (Eg "+ NZ=H) "S5 o + N~ e
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Conjugate Priors

Conjugate priors are such distributions that they lead to posterior distributions having
the same functional form as the prior.

We wish estimate the precision A\ = ﬁ of a posterior distribution p(A|x, 1) using

N
x = {x1,...,xy} with x having p(x) = [] M (xa|p, X). Determine the corresponding
n=1
posterior distribution p(\|ay, by) if prior is p(A) = Gam(\|ao, bo).

N
posterior distribution of A : p(A|x, p) o< [T N (xn|p, X) Gam(A|ao, bo)
n=1

N
N NN (xa—p)?
HlN(x,,m, ) Gam(\|ag, bo) = (%) 2 T2 r(lo)bgoAau—1e—boA
=

N
N —(bo+3 X (xa—p)*)A
= (%)2 ngokao-*-%—le 2=1

6) o< Gam(\|ay, by)

N
where ay = ag + % and by = by + % zzl(x,, —w)? = by + gaﬁu.
=
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Determine the posterior distribution p(u, A|x) using x = {xi,...,xy} with x having

N
p(x) = [T N(xn|p, A) if both  and X are unknown and their prior is a
n=1

Gaussian-Gamma distribution, p(), i) oc NV (1|0, (BX)~1) Gam(\|a, b).
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N
bN =b+ % Z_:lX,% ap gﬂg —,LL%ILVZL;)
Pt Alx) oc N (el e, (AN + B])~1) Gam(Ala, bw)

o< (AN + B))%e_(A(N;ﬁ) (u=rn)®)) yon 1= bn
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Considering the multivariate Gaussian distribution N (x|, A=1) for a D—dimensional
variable x, show that, for known mean and unknown precision matrix A, the conjugate

prior is the Wishart distribution given by W(A|W, v) = B|/\\("*D*1)/26_%T’(Wil/\).
PNIW. 1) = WNW. ).

_1 b _
A% e } oA ")\ =D-1)/26= § THWIN)

Wy T =i
o [A(v—D—ty2g " FTIZ oW N

= _ N
oc W(A|W, D) with W= Z(Xn_ﬂo)(Xn—}Lo)T+W71, v=N+v
n=1

Show that, for known precision matrix A and unknown mean, the conjugate prior is

the Gaussian distribution given by ./\/(;,L|;,L,,,A‘T‘}).
P, ) = Nxlt A=) Gl A1) ox

_%( > (Xn—H)T/\(Xn )

|/\|§e o ‘/\”ﬁ =3 (—pp) AL (=)
N
TN = wT (NA4AL) TAR=pT (NS xo + Appy)
nT (A p )i, p A= p 0+ Aty
=

— N
A=NA+A, and i = (NA+AL) LA S xn + Aupig)
n=1
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