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Some concepts and illustrations in this lecture are adapted from
the textbooks,

Pattern Recognition and Machine Learning, C. M. Bishop,
Springer, 2006.
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EM Algorithm

Say that the probability of the temperature outside your
window for each of the 24 hours of a day z € R?* depends on
the season A\ € { summer, fall, winter, spring}, and that you
know the seasonal temperature distribution p(z|\).

But say you can only measure the average temperature

y = T(z) for the day, and you'd like to guess what season A it
is (for example, is spring here yet?).

The maximum likelihood estimate of A maximizes p(y|A), but
in some cases this may be hard to find.

That's when EM is useful — it takes your observed data y,
iteratively makes guesses about the complete data z, and
iteratively finds the that maximizes p(z|\) over \.

In this way, EM tries to find the maximum likelihood estimate
of A giveny.
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List of Items for EM Algorithm

e Some observed data y with a density p(y|))

e A description of some data z that you wish you had, with a
density p(z|\)

e You do not observe z directly; instead, you observe y = T(z) for
some function T.

e )\ parameter you want to estimate
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EM Algorithm

AmLe = arg max log p(y|A)
)

Step 1 Pick an initial guess Ak = \g with k = 0.
Step 2 Given the observed data y calculate how likely it is that the complete data is
exactly z, that is, the conditional distribution p(z|y, A¥).

Step 3 Compute the Q function [ log p(z,y|A\)p(zly, \¥)d6
which is the expected log-likelihood of p(z|)\) with respect to p(z]y, A¥).

Step 4 Make a new guess A1 for \ that maximizes the Q or (the expected)
log-likelihood of p(z|A).

p(zI)
p(y|Ak)

A" — argmaxQ@(AIN) = [ log p(z,y|\p(aly, X¥)dz = [ logp(z,y1A)
A

since p(zly, A) = P&

z means you also know y.

P(z|2)

PN and T is a deterministic function i.e. knowing

Step 5 Repeat 2 to 4 until convergence.
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Ector's Problem
Let the random variable X7, represent the number of round dark
objects, X3, represent the number of square dark objects, and X3,

represent the number of light objects.
Let x = [x1, x2, x3] T be the vector of values the random variables

take for some image.

P(X1=x1,X0 = x2, X3 = x3) = (ﬁll)@) (%)Xl (% + g)xz (% = g)&

where p is an unkown parameter and n = x3 + xo + Xx3.
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Ector's Problem

Let y = [y1,)2]" be the number of dark objects and number of light
objects detected, respectively, so that y; = x; + x» and y» = x3 and let
the corresponding random variables be Y7, and Y5. The likelihood is

P(Y1=y1,Y2 = yo|p) = ( y"l ) (%Jr%)n(%_g)yz
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Ector's Problem

|
If (X1, X2, X3) has a multinomial distribution with probabilities
(P1, P2, p3) then

P(Xi = x1, % = 30, X3 = x3) = <ﬁlnx3!)pf1p52"§3
Y1
PXi+Xo=y1,X=x) = Y PXi=iX=y—iXs=x)
i=0
S n! P =i xs i < yi! I
= ’Z:Wlhpz b3 = y1|X3|P3 2 ﬁplpz
:y s |(Pl‘*‘l’2)y1 P = P(Yi=y,Ys=yp")
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Expectation Step

We assume the latent variables x; and x, and compute their
conditional expectations;
k+1 k+1
Xt = E[xalyr, p¥] and x;™ = Exaoly2, p¥].
x3 is directly observed since x3 = ys.
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Ector's Problem

To compute xf ™ = E[x1|y1, y2, p¥] we first determine

_ _ _ ky _ P(Xi=x1,Yi=y1,Y2=y2|p")
P(Xl - X1|Y1 = Y1, Y2 =Y2,P ) — P(Yi=y1,Ya=y2|p¥)
_ P(X1=x1,Xo=y1—x1,Xs=x3|p")
P(Y1=y1,Y2=y>[p¥)

1, y1—x
yi!xs3! n!py le ip

n!(p1+p2)y1p;3 xi!(y1—x1)!x3!

y! X1 Y1 —X1 1
aloai—)tPL P2 (o pay

)
5l
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Ector's Problem

Y1
X{(+1 = E[X1’y17y27pk] = Z X1 P(Xl :X1|Y1 :y17Y2 :y27pk)

x1=0

1
— X1 ,.Y1—X1
Z X1 )|p1 ! y1

= (p1 + p2)

b1
p1+ p2

Self-Study Question: Show that

P2
p1+ p2

E[Xl\h,}/z,Pk] =N

Xé(H = Elxly1, y2, P = y1
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Ector's Problem

Maximization Step

We maximize the log-likelihood with respect to the unknown
parameter p,

d
— Iog P(Xl = Xl,X2 = X2,X3 = X3) =

dp
d n! INa/l pye/l pys
5 G (3) G+2) G-2) -
dp 8 Gababal/\a) \aT4) (374 0
which yields
p(k+1) _ 2x2k — X3
x5+ x3
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Emission Tomography (PET SPECT)

The probability of detecting an event originated from box j in

detector tube i:
P(event detected in tube i —event occurred in box j) = Hj; ,
where H is called the system matrix.

Detectors

Boxes of body examined

NPZ
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Emission Tomography (PET SPECT)

Sum of Poisson Processes is another Poisson :

Given two Poisson distributed random variables y; and y» and their
corresponding distribution parameters A\; and Ap. If y = x1 + xo,
then the probability density function of y is

Py =n)=P(x1+x =n) = i P(x1 = k)P(x2 = n— k)

LD SR VY _
= Zoe M k,e A2 = Le (A1+/\2) Z G k),)\kA
P(y = n) = Le=(atr) () 4 )p)" Whlch is another Poisson with

parameter Z )\ :
i
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Emission Tomography (PET SPECT)

Conditional Probability of a Poisson Process is Binomial :

Py =x,x1+x2 =y)
Pxi1+x =y)

Pxi =xx1 +x=y)=

Pxa=x,x1+x=y)=Plqa=x)P(xx =y — x)
—Alﬁe—/\Q N

Il
o

x| (y —x)!
AL+ )
Pxi+x=y)= e—(>\1+>\2)7( L —;I 2)
y! e Me™h NN

E[Xl = X‘Xl + X = y] =S Xl(y — X)' e—(Al—F)\z) (>\1 o )\2)y

which shows that it is Binomially distributed (n, p) with parameters
(y=x +x2,/\1+)\ ) — Bmom(Zxk, )

ZAk
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Emission Tomography (PET SPECT)

The complete data will be denoted as a matrix G, where Gj;
represents the number of detected events in tube i originated from
box .

If we could observe G directly, the solution to the whole problem
would be simple: 6 =>,Gj

E|gi] is the average/expected number of events detected in tube i

Elgil = EQ_ Gy) = > _ Hyf;
J J
In matrix-vector notation:

Elg] = Hf

Image reconstruction is to invert this equation to solve for image f

based on what we observe g as cumulative events from all boxes.
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Emission Tomography (PET SPECT)
Gjj : Poisson distributed (~ e*’\’,\(—?) complete data (observed +
hidden)

The likelihood function is with A — E(Gj)

.1Gjj
L(f) = P(GIH) =] H P(Gj|f) = H H e_E[G,,.]E[g;}

i

Gjj represents the number of detected events in tube /i originated
from box j.
E[Gj] is the expected number of emissions from box j measured in
tube i

E[Gj] = Hjf;
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Emission Tomography (PET SPECT)

The log-likelihood function is

log L(f) = > —fiH; + GjInfiH; — In Gj!
i J

Expectation :

Egaix| D D ~fiHi + GyIn fHg — In Gyllg, 7

i

=22 ( — fiHjj + E[Gylg, T In(f;Hy) — E[In Gjllg, fk]>
i
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Emission Tomography (PET SPECT)

Expectation :
Considering the constraint that g = ) G (like y = x1 + x2)

J
and Gj; are independent Poisson random variables, with mean
the conditional probability of GY upon g;

P[Gjleg, 4]

is Binomially distributed with parameters (Z Gjj, ZE[G ])
ij

Remembering that the expected value of B/nom(N, p) is Np and
E[Gj] = fiHj

E[G,J]g,f 1= Z Gjj Z‘f“” - giijnﬁHim

m
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Emission Tomography (PET SPECT)

Maximization :

log L(f) = Y Y —fHj + GjIn fiH; — In G
i

0 Sk £k 1
87IE[|ogL(f)|g,f ]=0= —Zi:H,-,JrZi:E[Gn!g,f ]?/

ZHI,+ZgIkaH,mfI

P Higi
f _ fk+1 / 2 : AII i
Z Hiy “= " fkHipn,
m
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Generation of PET Data

% Poisson model Data

N_Points = 1000; 7% Number of data points detected
g Number of detectors

R = 50 % Radius of circular gantry in cm

Nx = 40; % x resolution

Ny = 40; % y resolution

B = Nx * Ny; % number of boxes

Pet_Image = zeros(Nx,Ny);

S= randi(100,10,10);

Pet_Image(15+[1:size(S,1)], 156 + [1:size(S,2)]) =S ;

%Pet_Image = 100*imfilter (Pet_Image,fspecial(’gaussian’,8,2)); % tissue density f
Index = find(Pet_Image>0) ;

H = rand(D,length(Index)); % Transfer function for

% (event detected in tube i | event occurred in box j)

M = sum(H); % normalized to give 1 for the probability of detecting an event over all Detectors
H = H./(ones(D,1)*M);

lambda = Pet_Image(Index);

g = Hxlambda; % total number of events detected from all boxes in detector i
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Self-Study Question

n maids choose a spice out of four choices with distribution
y = [y1---ya]T where y; is the number of maids that chose spice i.
y is distributed according to a multinomial distribution

P(YIA) = s P Py Y Py

with p € (0,1)* and p; + p2 + p3s + ps = 1.
pr=[3+I0 1a-x) 1a-2) N Ae(0,1).

The complete data x = [x; - - - x5] 7 has a multinomial distribution with
number of trials n and the probability of

=[5 X 21-X) 3a-X 1N xe(0,1).

y=TX)=[xx+x x3 x x5]T

Derive the EM iteration equations to determine the \.
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Gaussian Mixture Model (GMM)

If we make a number of observations that are assumed to be
generated by K Gaussians and if we want to find the means and
covariances of the Gaussians, and the probability (weight) that a
point comes from each of the Gaussians, we can use the GMM.

Given a sample y € RP from a GMM with K components, we
estimate its parameter set A = {(}, 11, T;)}/<; .

1 Ty—1
exp| —5(y—p) T (y—n)
N(Y‘Hvz)é ( (271-)D/2\):|1/2 )
K

p(y|A) = ;77:'¢(Y|Miazi)

K
Y mi=land ;>0
i=1
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EM clusterlng by a Gaussian Mlxture Model

cexp(—3 (y—pi) TZ; (y—pi)
p(y[A) = Z miN (ui, i) = lzl 2(27T)D/2|z|1/2
Let us |ntroduce a K—dimensional binary random variable, z

whose all elements but one is zero, and it defines from which
Gaussian component the data y came.
P(zx = 1) = 7k,

K
p(2) = T1 ¢
k=1

Pyl Tk) k=1, K.

Conditional distribution of y given z is

o
-
|

K
p(ylz) = kl:IIN(y,Mk, L) P
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I ——
Conditional probability of z given y is

p(zc = 1ly) = v(z) = ;(Y‘Zkzl)P(zkzl) _ :kN(Y|Nk72k)
le(ylzf':l)p(zf:l) Z:lﬂ’jN(Ythj)
J= J=

Multiple Observations

For a set of observations Y = [y1,...,yn]" and hidden variables
Z= [21,...,ZN]T
The log-likelihood function for the discrete Z becomes

log(Y|X) = log {Zp(v, Z\A)}
A
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EM clustering by a Gaussian Mixture Model

If the complete data is the observed data Y plus some missing
(also called latent or hidden) data {Y,Z},

The Q—function over the domain of Z because the only random
part the complete data is Z

QAAm) = Ezyynmllog p(Y,Z|N)]
= ) _logp(Y,Z|\)p(Z|Y,\")dZ
z

Since 7™ (znx) as our guess at the m*" iteration of the probability

that the nt" sample belongs to the k' Gaussian component,
A ﬂmN Yn /’Lmvzm
Y™(z0k) 2 Plzak = 1y, A7) = el 20D
Zl TN (Yol pf,Z])
J=

K
which satisfies > 7™(zpj) = 1.
j=1
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The E-step:

N K
Q(A|Am) = Ezjy, am[log p(Y, Z|\)] = Ezjy am [bg H1 kl_[ w2k N (Y| ik, Zk)z”k]
n=1 k=1

N K
22 > Znk {log mk + log N (ynl ik, T}
n=1 k=1

= Ezy am

The posterior distribution of Z is
P(Z|Y, ) = P(Y|Z A)P(ZP\)/P(Y)
P(Z|Y,}) o H it H H N(Ynlp, Zi)ok = H H [N (Yl e, )]

n=1 k= n=1 k=
The expected value of the indicator variable z, is
2 Zok [Tk N (Y ks T )7k

z kN (Ynlpks Tk)
Ezjy am[za] = = — = = v(znk)
’ 2o[miN (ynlps Z5)% i
2l nltj, &j j; N (Yn|1j, j)

QA Am) = % kﬁlv(znk){log e )
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The M-Step

QAA™)
g & 1 1 Ty—1 D

= % % (ew) (logm — 31og Tl ~3(v — )%, (v — ) ~ % log2n)
n=1 k=1

K
M-Step is to maximize Q(A|A™) subject to > m =1, m, > 0.
k=1

We form the Lagrangian,

L(A,n)
W, & 1 1 Ts—1 D
Z_?l kZl’Y(an)<|°g7Tk — 5 log |Zp| —5(yn — k) "2, (Yo — k) — 5 log 27r>
~ii=
+n( 2 m—1)
k=1

and optimize it with respect to \.
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The M-Step
K
22— 0 (% S A(amdlogme+n( S m-1)) =0, k=1.....K
n=1k=1 Jj=1
yields
N L N
Z V(zZnk) 7 + Z V(znk) = —nmi
=1
ij—lfO% > =1
: =
K
Z ZW(an):—UZWk:—’?
n=1 k=1 k=1
N
2= V(znk)
Wk:%:,(”ik:%, k=1,...,K.
;kgl'\/(znk) ;Nj

where N, = ZQ’ZI ¥(zak) i.e. the the effective number of points assigned
to cluster k.
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The M-Step

SimiIarIy, we get

o = Z'Y(an) (yn— )_0 k=1,..., K.

2 tog 5 = g2 o — ) TG (o — ) =

N
et =g X W) — e — )T k=1K.
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EM Algorithm for GMM

o Initialize \° = {7, 1%, ¥9}, k=1,...,.K
e E-Step: Compute

K”T¢()’n\ﬂkm»z?) and N = S (zZok)™

J; TN (Yol E]) n=1
forn=1,...,Nand k=1,... K.

e M-Step: Compute the new estimates

’ym(an) =

m+1 N7 _Nm _
7Tk = Kk _Wk7 k—].,,K
nNm
+1 _ 1 N
m
Moy WZ (an) Yn, kzl,,K
n=1

N
T = g 3 )l — i )0~ )T k=1 K.

° Convergenc:a Check:
and iterate until [\t — \™| < §.
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A GMM Fitting Example

nelt e[

3 0
Z1=[0 l},zz—
2

71 = 0.6, m» = 0.4

Initial values are

o_ [ 008237 , [ —2.0706
M1=| 30189 [H27 | —2.2327 |’

S0=50 =,
7Y =79 =05 and § = 1073.

|
L—
o
N ©
P

After 3 iterations
3 | 0.0806 3 | —2.0181
H1= | 30445 |"#27 | _0.1740 |’
2.7452 0.0568
0.0568 0.4821 |’

s3_ [ 08750  —0.0153
2= | —0.0153 1.7935 |

73 = 0.5966, w3 = 0.4034.

= A6HE =3, L= 6138

3=

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

EXPECTATION MAXIMIZATION ALGORITHM



GMM Fitting Data Generation

N=1000;
mul = [0 ; 4]; mu2 = [-2 ;0];
Sigmal = [3 0;0 0.5]; Sigma2 = [1 0 ; 0 2];
S1 = chol(Sigmal); S2 = chol(Sigma2);
pil = 0.6 ; pi2=0.4;
Yi = ones(N,1);
for i=1:N;
if ( rand() < 0.6 )
Y(:,i)= Si*randn(2,1) + mul;
else
Y(:,i)= S2*randn(2,1) + mu2; Yi(i) =2;
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