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Some concepts and illustrations in this lecture are adapted from
the textbook,
Signals and Systems, 2nd Edition by Alan Oppenheim, Alan
Willisky and H. Nawab, Prentice Hall.
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Discrete Time Fourier Series Representation

Express x [n] = x [n + N] as a linear sum of complex sinusoids
ϕk [n] = e jkω0n.
There are at most N distinct ϕk i.e. ϕ0, ϕ1, . . . , ϕN−1 since
ϕk [n] = ϕk+rN [n], r being and integer.

x [n] =
∑

k=<N>

ake
jω0nk ←→ ak = 1

N

∑
n=<N>

x [n]e−jω0nk
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Example

ak =
1

N

sin(2πk(N1 + 1/2)/N)

sin(πk/N)
, k ̸= 0,±N,±2N, . . .

ak =
2N1 + 1

N
, k = 0,±N,±2N, . . .
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Properties of DTFS
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Examples

bk =

{
1
5
sin(3πk/5)
sin(πk/5) for k ̸= 0,±5,±10, . . .

3
5 for k = 0,±5,±10, . . .

c0 = 1, ck ̸= 0
ak = bk + ck
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Algebraic Formulation of Discrete Fourier Transform (DFT)

x [n] =
∑

k=<N>

ake
jω0nk ←→ X [k] =

∑
n=<N>

x [n]e−jω0nk

Defining WN = e−j 2πN
X [0]
X [1]
...

X [N − 1]

 =


1 1 . . . 1

1 WN . . . W N−1
N

...
...

. . .
...

1 W N−1
N . . . W

(N−1)(N−1)
N




x [0]
x [1]
...

x [N − 1]


In short notation,

XN = WNxN ←→ xN = W−1
N XN

W−1
N = 1

NW
∗
N
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N point DFTs of Two Real Sequences, g [n] and h[n]

x [n] = g [n] + jh[n]

G [k] =
1

2
{X [k] + X ∗[N − k]}

H[k] =
1

2j
{X [k]− X ∗[N − k]}

2N point DFT of a Real Sequence v [n]

g [n] = v [2n] and h[n] = v [2n + 1], 0 ≤ n < N. V [k] =
2N−1∑
n=0

v [n]e−j 2π
2N

kn =
N−1∑
n=0

v [2n]e−j 2π
2N

k2n +
N−1∑
n=0

v [2n + 1]e−j 2π
2N

k(2n+1)

N−1∑
n=0

g [n]e−j 2π
N
kn + e−j 2π

2N
k
N−1∑
n=0

h[n]e−j 2π
N
kn

V [k] = G [k] + e−j 2π
2N

kH[k], 0 ≤ k ≤ 2N − 1
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Circular Convolution of x [n] and h[n]
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Some Further Properties of Discrete Convolution and DFT

Circular Convolution of sequences x [n] and y [n] of length N

x [n] ◦ y [n]↔ N point IDFT{DFT{x [n]}DFT{y [n]}}

Linear Convolution of sequences x [n] of length N and y [n] of M

x [n] ∗ y [n]↔ N +M − 1 point IDFT{DFT{x [n]}DFT{y [n]}}

Convolution of an N point x [n] with M point h[n] for N >> M

Overlap Add Overlap Save
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