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Some concepts and illustrations in this lecture are adapted from
the textbook,

Signals and Systems, 2nd Edition by Alan Oppenheim, Alan
Willisky and H. Nawab, Prentice Hall.
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Discrete Time Fourier Series Representation

Express x[n] = x[n + N] as a linear sum of complex sinusoids

gbk[n] = ejka”.

There are at most N distinct ¢y i.e. ¢g, P1,...,Pn_1 Since
ok[n] = dk+m[n], r being and integer.
|

X[n] = Z akejwonk —— aix — % Z X[n]e_jwonk
k=<N> n=<N>
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Example

-N N, 0 Ny N n

_ 1sin(2mk(N, +1/2)/N)

- k#0,£N, 22N, ...
=N sin(rk/N) ’ 7 0, £N, x2N,

_2N1+1

k=0,£N,£2N, ...
N ? Y ) 9

ak
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Properties of DTFS

Property Periodic Signal Fourier Series Coefficients
x[n] | Periodic with period N and ay | Periodic with
yln} | fundamental frequency w, = 2a/N by | period N

Linearity Ax{n] + By[n] Aay + Bb,

Time Shifting xln — g aye” Hemin

Frequency Shifting /MmN ] ay

Conjugation x'[n) a'y

Time Reversal xl-n] a

Tiune Scaling ol = | AL i s a multiple of m 1, (vww:d as periudic)

m"* \with period m'

) if n is not a multiple of m
(periodic with period mA)

;xlrmn -

Periodic Convolution

Multiplication x[n]v[n]

First Difference x[n] = xln =11

Runring Sum T ik cinih; valued and periedic nwly)
= fay = 0

Conjugate Symmetry for x[n] real

Real Signals

Real and Even Signals
Real and Odd Signals
Even-Odd Decomposition x[n] = Bx{aln]}

of Real Signals Odi{x[nl)

xln] real and even

x{n] real and odd

[x[n] real]
[x[n] real]

xa[n

N
2wy
(I-e "ax

1

ay =a,
Brefa,} = Refa i}
Snfay) = ~Imfa-i}
Jay| = la_,
Lay = —<a-;
ay real and even
a, purely imaginary and odd
Refar}
Jmlan}

Parseval’s Relation for Periodic Signals

1 2 2
N Sl = > el
Py e
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Examples

= b+ o

HHIHIHHIH

SRR DU R

(b)

LTI

LenGk/S)  for k 40,45, 410, ...

by, = 5 sin(mk/5)

3 for k = 0,45, +10, ...
Co = 1, Ck 75 0
ak = bi + ¢k
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Algebraic Formulation of Discrete Fourier Transform (DFT)

= ¥ aeomk e X[kl = T x[nJe o

k=<N> " n=<N>
Defining Wy = e 7%
X[0] 1 1 o1 x[0]
X[1] 1 Wy .o owytt x[1]
XN —1] R A I IS

In short notation,

Xy = Wyxy — Xy = WﬁlxN

-1 _ 1 *
Wy " = yWh
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N point DFTs of Two Real Sequences, g[n] and h[n]

x[n] = gln] + jhln]

GIK = S{XIK + XN — K]}

HIK] = %{X[k] — XN = K]}

2N point DFT of a Real Sequence v|[n]

g[n] = v[2n] and h[n] = v[2n+1],0<n < N V[k] =
2N-1 N—1

Z V[n]e_j%kn — Z V[2n]e Jsz2n+ Z v[2n—|—l]e_J2Nk(2”+1)
n=0 n=0 n=0

N-1

S glnle A 4 IS plppe ik

n=0 n—0

V[k] = G[k] + e /2 H[K], 0<k<2N-—1
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Circular Convolution of x[n] and h[n]

x[2] x[3]

hlg]Kn— 1 AP

h[o]

el

x[1]

n=0 h[l]

oh[3] x[3] x[2] x[0]

hjo]

-O-

x[0] x[1]

x[0] x[1]

-0

hl2]

x[3] x[1] x[o] Ch[3] n=3 h[lJ

'

x[2] x[3]

Sh(3] n=2 h[l]p x[2]

hl0]
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Some Further Properties of Discrete Convolution and DFT

Circular Convolution of sequences x[n] and y[n] of length N

x[n] o y[n] <> N point IDFT{DFT{x[n]}DFT{y[n]}}

Linear Convolution of sequences x[n| of length N and y[n] of M

x[n] x y[n] <+ N+ M — 1 point IDFT{DFT{x[n]}DFT{y[n]}}

Convolution of an N point x[n] with M point h[n] for N >> M

Overlap Add Overlap Save
LU 0 0 0 0 0 0] hO] 0 0 0 0 0 0 0
A1) ko] 0 0 o 0 o o R1] RO] 0 0 0 0 0 0
A2l R[] k] 0 | O 0 0 0 B2l R[] KOl 0 0| 0 0 0
0 h[2] k{1 0] O 0 0 0 0 Rl A [RO] 0 0 0 0
{0 o e mmf[so; 0o 0 0 0 ARl |AD] A 0 0 0
Lo 0 0 A2 ||kl A[O] O 0 ) 0 0 k2] A kO] O 0
0 0 0 0 [r[2] AO]  A[0] o 0 0 0 0 Rl R[] k] O
0 0 0 0 |0 A2 A1 Ao 0 0 0o |0 0 2 Al KO
O 0 0 0 |0 0 A2 A 0 0 0 0 0 0 ARl AN
o 0o 0o o [0 0o 0 AQ o 0 0o 0o 0 0o 0 A2
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Overlap Add Overlap Save

ITENET PRTS 1
| LN” I 1 TTTLF"

{a) ‘ L i ’

xfa]
t o [1s 71
— i ]
[T " el T 1 T ,

(b)

¥yl
L Y2l A T I....
ot : LR D S R IR S T

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

Fourier Series Representation of Discrete Periodic Signals Lecture Notes



Property

N-point sequence

N-point DFT

Linearity

Time shifting
Frequency shifting
Modulation
Folding
Conjugation
Duality
Convolution

Correlation

Windowing

Parseval’s theorem

Parseval’s relation
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x[n], hln], v[n]
xy[n], xz[n]
ayxy[n] + azxz[n]
x[{n —m)n]
H"\_’”"'.\'I ]

x[n] cos(2m /N )kgn
xl(—n)w]

x*[n]

X[n]

v
hin] '\=‘f’/' x[n]

xln] |

v[n]x[n]

N—1

. 1
Z x{aly*[n] =¥

n=0

XIk], HIk], VIk]

Xy [k], X3[k]

a1 X1[k] + a2 X3[]
WEmX[K]

X[k —mjn]

SXLk + ko)) + 3XT[(k — ko}n]

X*[k]
X*[{—k}n]
Nx[{—k)]w]
H[k]XTk]
X[k1Y*[k]
VIR @X[k]

N—1
3 X[k]Y*(n)

k=0

, 145
2 Rl =5 3 X
k=0
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