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Some concepts and illustrations in this lecture are adapted from
the textbook,

Signals and Systems, 2nd Edition by Alan Oppenheim, Alan
Willisky and H. Nawab, Prentice Hall.

«0O>» «(Fr «ZE>» «E>» Q>



Discrete Time Fourier Series Representation

Express x[n] = x[n + N] as a linear sum of complex sinusoids
oi[n] = e/kwon,

There are at most N distinct ¢ i.e. ¢g, P1,...,Pn_1 Since
ok[n] = dk+m[n], r being and integer.

x[n= Y aeke—a=F Y x[nJefonk
k=<N> n=<N>

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering
Discrete Time Fourier Transform (DTFT) Lecture Notes



Fourier Series Representation of Non Periodic Sequences
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k=<N> n=<N>

X[n]e

ax = % Z x[n]eFkwon — X(i(\lwo) — X(w) = Z x[n)e~Jn

n=—o0 n=—oo
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k=< N>

)?[n]: Z %X(kwo)ejk‘%n
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DTFT : Special Case of z—Transform where z = /¥
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x[n] = %/X(w)ejw"dw
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X(w)= > x[nle "

n=—o0
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x[n] = {

X[n] = a|n|

1— 22
|a| < 17\ 7 1_23C05(w)+32
1 |n‘ < Nl, _ sin(w(N1+1))
0 otherwise * X(w) = Wz_
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Properties of DTFT

m Periodicity : X(w + 27) = X(w)

m Linearity : axi[n] + bxo[n] «+— aXi(w) + bX3[w]

m Time Shifting : x[n — ng] +— e 7™ X(w)

m Frequency Shifting : /0" <— X(w — wp))

m Conjugation : x*[n] +— X*(—w)

If x[n] is real

X(w) = X*(—w),

Ev{x[n]} «+— Re{X(w)}, Odd{x[n]} +— jZm{X(w)}

m Accumulation:
n

= 3 x[m] e —LoX(@)+7X(1) S 8(w—2mk)

m=—o0 k=—00
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Properties of DTFT

Time Reversal: x[—n] +— X(—w)

Time Expansion :
x(n/k), if nis multiple of k
= | 570

otherwise — X(kw)

m Differentiation in Frequency : nx[n] «+— j L X(w)

Parseval's Relation : Y~ |x[n]|? = & f | X (w)|?dw

n=—o0

Convolution : x[n] * y[n] +— X(w )Y(w)
Multiplication : x[n]y[n] +— 5= [ X(0)Y (w — 6)d6
2
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x[n]
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uln] = Z 6[m]

m=—oo
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Uw)= 1= +7 Y d(w—2mk)
k=—00
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x[n] = x1[n]x[n]

where xi[n] =

sin(3rn/4),
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y[n] = 3yln— 1]+ 3y[n — 2] :n2x[n] with |a| < 1.
Determine y[n] for x[n] = (%) uln].
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l—aqe—J/w

Determine the output of the LTI system with impulse response
h[n] = a"u[n], =1 < & < 1, to the input x[n] = cos
Hw) = —~—

2mn
N

/" — H(w)el"

y[n] = %H(27T/N)ej(2w/lv)n + lH(—27T/N)e_j(277/’v)"
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equence “seen” by user
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Summary of Fourier Representations

Continuous - time signals Discrete - time signals
Time-domain Frequency-domain Time-domain Frequency-domain
x(f) c, an] F
E1E ||||||i|||||I
HE 1, 0 T, ¢ o-ll< o | & o N n -N 0 N
25| =L f (e Fhgy _CTFS, nﬂ=2—" “:szhk-l% _DIFS,
E|E ToJny = T Vs | N=i
sl.e N -
= : (1) = e = ]
= IcIEs A ";mfi IDIFS an] EC&‘Y
Continuous and periodic Discrete and aperiodic Discrete and periodic Discrete and periodic
x(t) X(je) x[n] X(e)
- | B
=| B
A 1 }
HE 0 t 0 ¢} 42024 n 2t v 0 = a
% 'E X(j0) = jm Xy~ % ﬂi) X(e®) = 3 alnein _DTFT,
j1k: - l L (™ x(io)eitan ! = [ xeem)elend
=2 m‘:’Fr '(')_ELD (362 Er[rIrFr-rN—hj;x (e!)e
Continuous and aperiodic | Continous and aperiodic Discrete and aperiodic | Continous and periodic
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Reconstructing Discrete Time Fourier Transform from DFT

X(@)= 3 xle ™ = X(w) = 5 E kz X[k]em"k] e 94", with wo = 2.

n=0 n=0

X _ 1 N71X k —j(w—wok)n X[k 5'"[2 w—wok)] —j(wfwgk)(¥)
(W) =w 2 XK Ze Z K] Fentr oo ©

(w—wok)]
A sample MATLAB code to obtain DTFT from DFT

clear i;

N =11; M=100; % define the data lenght for discrete signal and its DTFT
x = 10*rand(N,1); % generate a signal

X = fft(x); % Compute its DFT

w0= 2*pi/N; 7, Determine frequency spacing in radians

k=0:N-1; % Define DFT indices

w = linspace(-pi,pi,M)’; % Define DTFT intervals

% Compute DTFT from DFT coefficients and plot the DTFT and DFT

f wxones (size(k)) - ones(size(w))*k*w0;

P = sin(N/2*f)./sin(1/2*f) . *exp(-i*(N-1)/2*f); Xw = P*X/N;
subplot(2,1,1) ;plot(abs(Xw)); subplot(2,1,2);stem(fftshift(abs(X)));
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