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Some concepts and illustrations in this lecture are adapted from
the textbook,

Signals and Systems, 2nd Edition by Alan Oppenheim, Alan
Willisky and H. Nawab, Prentice Hall.

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

Introduction to Linear Systems Lecture Notes



Attributes of Signals/Systems
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Linear—Nonlinear

Time (Shift) Invariant-Variant
Discrete—Continuous
Causal-Noncausal
Static—-Dynamic
Stable-Unstable
Deterministic-Random
Invertible

Energy—Power
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m Additivity:

x1(t) — y1(t)

x(t) — y2(t)

x1(t) + xa(t) — y1(t) + ya(t)
m Homogeneity

x(t) — y(t)

ax(t) — ay(t)

Time-invariance (Shift-invariance)

m x(t) — y(t)
x(t—7) = y(t—71)
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Important Signals

m Impulse function 4(t)
m Step function u(t)

m Ramp function r(t)
"

Exponential sinusoid e?fe/*t
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m The current output of the system y(t) is only a function of
the current and past inputs,
y(t)=f(x(t—71))7>0.
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More Examples :

Show if the systems below are i) linear ii) time invariant,
B (1) = %5 + x(1)

y(t) = 7 x(T)dt
1 x(t) <0,
y(t) =
x(t) + x(t — 2) otherwise
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Convolution Integral : x(t) = [*°_x(7)d(t — 7)dT

x(t) = lima_o 550 x(kA)da(t — kA)A

x(1)

|
-A0 A28 kA t
X(—A)5,(t + A)A
x(f.&)'—
A0 t
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Interconnection of the Systems

x(t) ha(t) ha(t) vit) x(t) =———] h{t)=hy(t)=halt) | y(t)

y4(t)

%}—,m) X(1) ———| hy(t) + hyft) f—— (1)

ya(t)

x(t)
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Cascade LTI systems

o0

w(t) = _Z X(t = )hn(r)dr and y(t) = ] w(t —a)ha(a)da
y(t) = _Z _Z x(t — o — 7)h () ho(a)drda
y(t) = Z x(t — B) 7 hi(7)h2(8 — 7)d7dp
N = ()
W0 = T x(e- i(s)as
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Examples: Determine y(t) = x(t) * h(t)

x(t) =e?tu(t), a>0 and h(t) = u(t)
1 O<t< T,
x(t) =
0 otherwise
t 0<t<2T,
h(t) =
0 otherwise
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More Examples : Evaluate the following integrals

1] f x(1)o(t — 7)dT,
B [~ (£ +4)(1 - t)dt,
B [ eV cos(m/2(x — 5))d(x — 3)dx
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More Examples : Consider the signal x(t) below

sketch v(t) = 3x(—1/2(t + 1))
determine the energy and power of v(t)
sketch the even part of v(t)
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More Examples :

Consider the signal —1/2x(—3t + 2) shown below
Sketch the original signal x(t)
Sketch the even part of x(t)
Sketch the odd part of x(t)
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More Examples :

Suppose that

1 0<t<l,
x(t) =
0 otherwise
and h(t) = x(t/a), where 0 < a < 1.
Determine and sketch y(t) = x(t) * h(t)

If dy(t)/dt contains only three discontinuities, what is the
value of a?
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More Examples :

Problem: Let x(t) = u(t —3) — u(t — 5) and h(t) = e 3tu(t).
Compute y(t) = x(t) * h(t)
Compute g(t) = dx(t)/dt = h(t)
How is g(t) related to y(t).

o(t) «— h(t) o(t — to) «— h(t — to)

t) = fté(T)dT<—>_ft h(r)dT  u(t —ty) +— f h(r)dt

x(t) = [ x(t—7)5(7)dT Gx(t) ¢ f §ex(t = 7)h(r)dT

g(t) = % x(t —7)h(7)dT

g(t) = %y(t) and y(t) = % (673(#5) _ e*3(t*3))
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Problem: Let

y(t)=etu(t)« Y 6(t—3k)

k=—00

Show that y(t) = Ae tu(t) for 0 < t < 3, and determine the
value of A.
In the interval 0 < t < 3

y(t) = k:i_ ey = et S Hu(t) = effge*ku(t)

k=—o0

y(t) = e "u(t)
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More Examples :

Consider the linear time invariant system S and a signal
x(t) = 2e 3tu(t —1). If

x(t) — y(1)

and
dx(t)/dt — —3y(t) + e *u(t)

determine the impulse response h(t) of S.
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State-Space Approach: % = Ax + bu(t)

n n—1
nthOrder ODE with constant coefficients an% + a,,q% + -+ agy = g(t)

y = X1
dy dxy
—_ = Xp = ——
dt dt
d?y dx;
—_— = X2 = ——
dt? T
dn—1 dx,
y — X = n—1
dtn—1 " dt
d"y dxn 1 an_1 aop
" — :fg(t)_ Xp—+r— —X1
dt dt an an an
State-space form :
X 0 1 0 0 X1 0
g1 o= 0 0 1 0 o L
2 ) - . . . . . . | —a(t
de |- : : : " : : * o | an &)
Xn —:% —;% —a"aZI Xn 1
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v () L Cy 7= Vol

Since V| = Lif, ic, = Cive, and ic, = Gov
The state variables are chosen as v,, va and ig.
e o 11 (o
Eq. 1: v, = 5irR= ﬁ(v, — Vg — Vo)
o @ 1/ . _ 1 /- Vi—Vcy —Vo
Eq. 2: Vg = 210 +ir) = (i + —9—2)
Eq. 3: v, = v + Lip

The state-space system is

- 1 —1 1

Vo RG RG Vo RG

e | = | -2 1 1 L 22,
va | = RG, RG G va RGy :
iL 0 -1 0 i H
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fuog=1N-s/m

=
foy = 1N-s/m fry=1N-s/m

My

K=2N/m

o FrictionleSs ity

Eq. 1: 0= M1x + (fV1 + va + fv4))'(1 + Kx1 — f\,z)'(2 — Kxo — fv4)'<3

Eq. 2: f(t) = MyXp + (fVZ + fv5))'(2 + Kxp — f\,z)'q — Kxq — fv5)'<3

Eq. 3: 0= M3x3 + (fv3 -+ va + fv5))'<3 = fv4)'(1 — fvs)-Q

State variables are : 61 = x1, 02 = x1, 03 = x0, 04 = X2, 05 = x3, 06 = X3,

State space system

[ 61 6 05 6, 65 651"
0 1 0 0 0 0
K (Fuy +Fup +Fsy) K fuy a fry 0 0
BN My My My 62 0
0 0 0 1 0 0 05 0
= K frp _ K foths fug. 0. | T & |f®
Mo Wip My Mo Mo 0 My
0 0 0 0 1 . 0
0 ;;74 %’50 0 fV3+;;4+fV5 6 0
3 3 3
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(1) (1) a5(1)

e ks O]

Eq. 1: T = h01 + D16y + K61 — K62 _

Eq. 2: 0 = J292 + D76 + K92 = K91 D»03

Eq. 3: 0= J303 + (D2 + D3)65 — D26>

State variables are : x; = 61, x» = 91, x3 = 0>, x4 = 92, , X5 = 03, X6 = 03

. 0 1 0 0 0 0 0

i K _K 0 _b Dy a 1

X2 h 5 Jo 2 > Ji

X x 9 % %z ° 3 . 0

X5 0 0 0 0 0 1 X5 0

X6 0 0 0 Dy 0 Dy+Ds X6 0
T 75
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Matrix Differential Equations: <x(t) = Ax(t) + Bu(t)

Homegenous Solution : x(t) = e”tx(0)
Total solution:
t

x(t) = eft of e~ATBu(7)dT 4 e*x(0)

d . 0 2 0 5 |1
ax(t) = [ o _g |X+| 1 |e L x(0) = >
Eigenvalues of A are \; = —1 and A\ = —4 so

<

At 4/3e7t —1/3e~% 2/3e7t —2/3e~4
€T | —2/3e7t+2/3e74  _1/3et +4/3e74

x(t) = 10/3e~t — e 2t — 4/3e™#
T | —5/3et+e X +8/3e M
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(wo+ 62) +

Linear approximation

f(@)

Nonlinear functios
xr

Old coordinate

S New coordinate

Operating point

Taylor Series Expansion:

F(6x + x0) = F(x0) + 00 5x 4 L) (gx)2 4 .

Nonlinear system: x = f(x, u)

up : input — xp : state

Perturbation : v = up + du— x = xg + dx

f(x,u) = f(xo, o) + 75f55);”)6x + 76’(%2’”)(% +

X=Xq,U=Ug X=Xq,U=UgQ
higher order terms
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Linearize the system

P(oxtT) diox+ )

dt2 +2 +cos(dx + 7) =0
dt2 + 2 = cos(5x) cos(y) —sin(dx)sin(7) =0
d?5x +2(5x \fzéx — \@

dt2

2

" 0 MiL e

JLE dt2 MgL sin(0) =T
X1 = X
X = 7"4—# sin(x1) + 3—
Linearizing around 0 — x3 = 0+ éx3 o = 6X%,1gL T
dx2 = 7ﬁ5X1 + 7
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Linearize the nonlinear spring system around f(t) = 10

Nonlinear —— x()
spring

f(t)

f(t) = 2x3(t) and f(t) = 10 + &6f(t)

PliE & = [ 740\/3 é]er[ ’ }6f(t)
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