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Solution of Nonlinear Equations f(x) =0
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Pk — f(Pk—1)
Pr+1 = f(pk)
until x = f(x)
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Bracketing Methods

Bisection Method
Find an interval defined by [a, b] determine ¢ = (a + b)/2 and
analyze the three possibilities
If f(a) and f(c) have opposite signs, a root lies in [a, c].
If f(¢) and f(b) have opposite signs, a root lies in [c, b].
If f(c) =0 we found a root at x = c.
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Method of False Position (Regula Falsi)
m = (f(b) — f(a))/(b — a)

m = (0—f(a))/(x1 — a)

x1 = b —f(b)(b—a)/(f(b) — f(a))

Xn = bp — f(bn)(bn — an)/(f(bn) — f(an))

y
A Ala,f(a)]

y = f(x)
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Bracketing Method

Newton—Raphson

S

Method

m = (0 — f(x0))/(x1 — x0) = f'(x0)
x1 = xo — f(x0)/f'(x0)

Xk = Xk—1 — f(Xk—1

)/f'(xk—1) for k =1,2,...

YA y =f(x)
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Bracketing Methods

Secant Method

m = (f(x1) — f(x0))/ (2 — x0) = (0 — f(x1))/(x2 — x1)
xo = x1 — f(x1)(x1 — x0)/(f(x1) — f(x0))

X1 = Xk — (%) (xk — xi—1)/(F () — f(xk—1))

y

y=1(x)
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Iteration for nonlinear systems

fl(x,y) = x> —2x —y +0.5 =0,

f2(x,y) = x> +4y? —4=0,

x=(x2—y+0.5)/2 =gi(x,y),

y=(—x%—4y? +8y +4)/8 = g(x,y),

X1 = (X§ — yk +0.5)/2,

Yir1 = (—x2 — 4y2 + 8y +4)/8,

Let D = {(x1,x2,...,xn)tla; < x; < bj, for each i =1,2,...,n} for some collection of
constants ai, ap,...,an and by, by, ..., b,. Suppose G is a continuous function from

D C R" into R" with the property that G(x) € D whenever x € D. Then G has a
fixed point in D. Moreover, suppose that all the component functions of G have

continuous partial derivatives and a constant K < 1 exists with |8%p\ < K/n,
whenever x € D, for each j = 1,2,...,n and each component function g;. Then the
sequence {x(k)}iozo defined by an arbitrarily selected x(0) in D and generated by
x(k) = G(x(k_l)), for each k > 1 converges to the unique fixed point p € D and

(k) KE|x(D)
|Ix*) = p[ oo < 755X = x(0)]|oo-
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Assume there is a unique solution for x = G(x) in the interval
D = {(x1,x2,x3)| =1 < x; <1, i =1,2,3} for the system below.

3x1 — cos(xox3) —1/2 =10

x2 —81(x2 4 0.1)2 + sinx3 + 1.06 = 0
1 —

e %2 4 20x; + 70”3 3_0

1

X1 = = cos(x2x3) + —
1 3 2X3 6

1
Xy = 5 x12 +sinx3 +1.06 — 0.1

1 10r — 3
X3 = ——e" 1X2+_7
3 60
g1l <05 \agl|f0 98| < 0.281 198 <0
lg2] < 0.09 98| < 0.238 gg;\ =0 Bgz\ 0.119
9, 0,
lgs| < 0.61 |983| < 0.119 98] < 0.14 \aga\ =0

for x1,x2,x3 € D = [—1, 1] which indicates that G has a unique fixed point in D and
nonlinear system has a solution in D.
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Newton's Method

Newton’'s Method based on linear approximation

I fl(X7.y)

f(x,y) = = f(x0, ¥0) + (x — x0)f(x, ¥)/9x + (y — y0)Of(x,y) /Oy + ...
L 2(x,y)

Jacobian Matrix

[ 0fi/0x O /By }

| 0f/0x 0f/0y

J(x,y) =

f(x,y) = f(x0, y0) + I, ¥)(x —x0) (¥ —yo)I' + ...
Based on iteration

Pit1 = Px+ AP = Py — J(pk, qx) (P« qx)
where Py = [px qi|’
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Outline of Newton's method:

fl(sz qk)
Evaluate the function f(Py) = :

f (P Gk)
Evaluate the Jacobian J(Py),

Solve the linear system J(Px)AP = —f(Py) for AP,
Compute the next point Pyy; = Py + AP,

Repeat 1 until convergence.
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