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Central Difference Formula
fl(xi) - f(xiy1)—2F (x)+f(xi—1)

2h
F(x;) = f(Xi+1)_2f2(:)+f(Xi71) + Etrunc(f, h)

where Eipync(f, h) = —% = O(h?) is the truncation error.
Proof:
From Taylor Series Expansion of f(x 4+ h) and f(x — h)

f(x 4 h) — f(x — h) = 2f'(x)h + [f(?’)(cl);'!f(?’)(Cz)]
F3)(c) = (Ua)Be)

f'(x) ~ f(x+”)2hf(x h) _ (3)§<!:)h2
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The Centered Formula of Order O(h*)
f-/(X) — —f(X+2h)+8f(X+2{12);8f(X—h)+f(X—2h) + Etrunc(f, h)

Etrunc(f, h) = it f (C) = O(h*) is called the truncation error.
Proof:

F(x+ h) — F(x — k) = 2f/(x)h + 2207 4 200 ()l

f(x + 2h) — f(x — 2h) = 4F'(x)h + 16f >(x)h3 4 64f(5 (C2)h5
By eliminating ()

—f(x+2h)+ f(x+ h) —8f(x — h) + f(x —2h) =
12f’(X)h + (16f(5)(c1) _ 64f(5)(C2))h5/120

—f(x+2h)+F(x+h)—8f (x—h)+f(x—2h G (c)h*
f’(x): (+)+(+1)2h( )1 ( )Jr 3(g)

Error Analysis
f'(x) =~ —yet8y1—8yity-2 \here yi = f(x + ih)

12h
(f h) round(f h) + Etrunc(f h)

3¢ Mpt
|E(f, )| < 55 + 55
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37 Order Lagrange Formulation of Numerical Differentiation
F(x) = F00) G Safton o)) +

700) 5 Sl w20+ 02) G Sl e
() faSatm i + F ) SR a s e

Jig FO)d = Fx0) [ ol +

T e S ARSIV
F() [ tamoltaoey @ + () [ Gomsotam) 9
X = Xp + ht with dx—hdtxj—xo—l—hjxj-—xk:h( — k) and
x —xj = h(t —j)
o 6[(t—x1)+(t—x2)+(t—x3)+(t—
£(3) (t) ~ fy [( (l)h)(( 2;))( (3h)(3)4h() —xq)]
+f 6[(t—x0)+(t—x2)+F(t—x3)+(t—xa)]
Bl ) ) (t—sa)] 7 SL(t—so )+ () (t—ra) (0]
X0 X1 X3 X4 —X0 —X1 —Xp —Xg
o R R (R (-2h) tf GRRAR(H)
+f 6[(t—x0)+(t—x1)+(t—x2)+(t—x3)]
4 @h)(3h) (2h)(h)
When t = xp and t — x; = xp — x; = —jh
f(3 (XO)N —5fy+18f1— 24f2+14f3 —3f;
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Introduction to Quadrature

a—x0<x1< .<Xm=Db

Qlf] = ZJ oW (XJ) = wpf(x0) + waf(x1) + ...+ wumf(xm)
fa f(x)dx = Q[f] + E[f]

Trapezoidal Rule:
Trapezodial Rule has a degrgze of precision with n = 1.
f;;l f(x)dx = 8(f + ) — T (c)

Using 2" order Lagrange Interpolation to f(x)
F(x) = FOa) (o + FOa) o

(xi—xiy1) (Xi1—x;)

f;:m f(x)dx ~ (xj+1 — X’)[M]
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Xz = X0, X1, - .. ,XNy = Xp With NV number of intervals with
Ax = Xj11 — x; width.

S f()dx = SIS F(x)dx]

I = 5f (0 + F o)) + Ax[F(xa) + ... + Fxn-1)]

Iterative Algorithm

Xom—1=Xa+ [2m —1]Ax, m=1,2,... k

Ax, = Ax,—1/2 with k = 2"~1 new control points
I, =1_1+ AXr[f(Xl) 4F f(XQ) GF oo AR f(XZk—l)]
Simpson's Rule has a degree of precision with n = 3.
[2 f(x)dx = B(fo + 4 + f) — B F@)(c)
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Proof for Simpson’s Rule:
Using 2"dorder La range mterpolator
(x) = FOo) fomnitosy + () ol * F L)t

x1—xg)(x1—x2 (xe—x0)(x2—x1)

fx2 f(x)dx ~ f(xo) fx2 eoa)(xox) g

X0 (x0—x1)(x0—x2)

f(X )fX2 (X Xo)(X X2) dX+f(X )fX2 (X Xo X X1) dX

X0 (x1—x0)(x1—x2) (>x2—x0) (x2—x1)
x = xp + ht with dx = hdt x; = xg + hj x; — x,x = h(j — k) and
X—)<J=h(t—j)
X; 2 h)(t—1 h -2 2 (h)(t—0)(h)(t—2

f, f2 —(” t(zoh))((”,j)f 1 e (fo+4f1+f2)
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X3 = X0, X1, - - -, Xon = Xp With 2N number of intervals with
Ax = Xjy1 — X Width

Xb 21 2)
[l f(x)dx =~ 3° o X2 2 f(x)dx]

Z Mxaira — xai][f (xai + 4F (x2i41) + F(x0i42)]/6
(Is)2j = (4/3)(Ie)2j — (1/3)(It)J
(It); : Trapezoidal rule approximation with 2; intervals of Ax size.
(l¢); : Trapezoidal rule approximation with j intervals of 2Ax size.
Simpson's % Rule results from 3rd order Lagrange Interpolation
f;:"“ f(x)dx = [xir2 — xi][f (xi + 3F(xit1) + 3 (Xi+2) + F(xi+3)]/6
Simpson’s % Rule has a degree of precision with n = 3.
Jo Flx)de = (o +3 436 + ) — 55 F(c)
Degree of Precision of the Simpson’s 3 Rule
Jldx=3=3(1+3x1+3x1+1)
Joxdx=2=2(0+3x1+3x2+3)
Sx2dx=9=3(0+3x1+3x4+09)
ExPdx =8 =3(0+3x1+3x8+27)
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Gauss-Legendre Integration

y =f(x)

2-point Rule:

[, F(x)dx = wif(x1) + waf (x2)
f_llldx=2:W1+W2

f_ll xdx =0 = wix1 + woxo
f_ll x2dx = % = W1x12 + W2X22
f_ll x3dx =0= Wle’ + ngg

Solution set is —x; = xo = 1/\/§ and wi = wo =1
3-point Rule:

f_11 F(x)dx ~ 5f(—\/%)+8;(0)+5f(\/3/_5)

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

Differentiation and Integration Lecture Notes



Gauss-Legendre Translation

Suppose the abscissas {x, «};_; and weights {w, ,}}_; are given
for n-Point Gauss-Legendre rule over [-1,1].

To apply the rule over [a, b]

t:%b—l—%xand dt:%dx

[P f(t)dt = [*, F((a+ b)/2+ (b — a)x/2)(b— a)dx/2

J7 F(8)dt = [1(b=a)/2 25y Wi ((atb)/2+(b—a)xns/2) dx
Gauss-Legendre Quadrature of order n is exact for a function
formed by a polynomial of order up to a degree of 2n + 2.

3rd degree

1
0 k = odd
k k k
/_1x dx = woxy + wix: _{2/(k i) = @ k=0,1,2,3

wo=w; =1and —xg=x =1/V3

Ahmet Ademoglu, PhD Bogazici University Institute of Biomedical Engineering

Differentiation and Integration Lecture Notes



In general, control points x; are determined by the roots of
Legendre polynomials

Po(x) =1, Pi(x) = x,

("4 1)Prt1(x) = (2n + 1)xPp(x) — nPp_1(x)

with weights w; = 2(1 — x?)/((n + 1)Pn(x;))?

1

One point Quadrature (n = 0)

X0 = 0, wp = 2

Two-point Quadrature (n = 1)

—xolezl/\/§and wo=w; =1

Three-point Quadrature (n = 2)

—xp=x0 =v0.6, x1 =0, wyp = wy =5/9 and wy; = 8/9
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Example

f(x) = 0.2 + 25x — 200x2 + 675x> — 900x* + 400x>
8 f(x)dx = 1.6405334

By a change of variables y = ax + 3

a=25and 5 =1

Substitute x = 0.4y + 0.4 in f(x)

f_ll g(y)dy = woxo + wix; = 1.8225778

Relative Error = —11.1%
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